
CosmoVerse@Kraków  2024, 9th-11th July 

 the Jagiellonian University, Faculty of Physics, Astronomy and Applied Computer Science 

Unexplored regions in teleparallel gravity : 

sign changing dark energy density 

based on the ongoing joint work 

in collaboration with 

Ö.Akarsu, B. Bulduk, A. De Felice, M. Uzun.

N.Katırcı 

Doğuş University

L. Heisenberg / Physics Reports 796 (2019) 1–113



the H0 tension— as well as a number of other low-redshift discrepancies— may be 
alleviated 


by a dynamical dark energy that assumes negative or vanishing energy density values at 
high redshifts. 


                    Akarsu kumar Vazquez Yadav Phys. Rev. D 108, 023513 (2023), 2211.05742


Model independent/non-parametric observational reconstruction of dark energy 
studies predict dark energy which attains negative values in the past accompanied by 


a singular EoS parameter as well. 

Caldero ́n et.al, PRD 103, 023526 (2021) 2008.10237,


Escamilla, Akarsu, Di Valentino & Vazquez, JCAP 11, 051 (2023). 2305.16290 ,


Sabogal, Akarsu, Bonilla, Di Valentino,  Nunes, 2407.04223 

These studies show that some non-trivial functions/behaviors are required to alleviate 
tensions.


 we explore viable cosmologies in a particular model dubbed exponential infrared 
teleparallel gravity in a theoretical framework, since it allows a transition to 
negative energy densities through torsional dark energy. 


Even we theoretically explore the uncharted regions of this model for the case 
predicting torsional dark energy featuring phantom behaviour. 


the other solution branch yielding β− to be overlooked so far in the literature.  
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gravity and general metric-a�ne models. Then, we define
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which is skew symmetric in the last pair of indices. Con-
tracting it with the torsion tensor yields the torsion scalar
(Weitzenböck invariant), viz., T = S µ⌫
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Consequently, the action of the f(T ) gravity reads [3]
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where det(ea
µ
) =

p
�g with g being the determinant of

gµ⌫ ,  = 8⇡GN with GN being the Newton’s constant,
and Lm is the Lagrangian density of material fields. Here
and throughout the paper, we work in units such that the
speed of light equals unity, c = 1. The variation of the
action (6) with respect to the vierbeins gives rise to the
following field equations
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where ⇥ ⌫

µ
is the energy-momentum tensor (EMT) defined

by
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which obeys the local conservation law according to the
Bianchi identity [3]. We note that the special case f(T ) =
T reduces to teleparallel equivalent of general relativity
(TEGR).

In this study, we investigate the cosmological appli-
cations of f(T ) gravity. For this reason, we proceed by
assuming the following vierbeins

e a

µ
= diag(1, a(t), a(t), a(t)), (9)

which leads to the Robertson-Walker spacetime metric
with flat spacelike sections:

ds2 =� dt2 + a(t)2
�
dx2 + dy2 + dz2

�
, (10)

where a(t) is the scale factor and t is the cosmic time.
Substituting Eq. (9) into Eq. (5) with (3), we obtain the
torsion scalar as follows:

T = 6H2, (11)

where H = ȧ

a
is the Hubble parameter. We suppose all

types of matter distributions (viz., the usual cosmological

sources such as radiation, baryons, etc.) are perfect fluids
with no peculiar velocities, described by the (EMT) of the
form ⇥ ⌫

µ
= diag[�⇢, p, p, p] where ⇢ and p are the energy

density and pressure, respectively. Accordingly, utilizing
Eqs. (9) and (11) in Eq. (7) along with the definitions
above, the modified Friedmann equations for an arbitrary
function of torsion scalar, viz., f(T ), read
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2
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where fT = df
dT and fTT = d2

f

dT 2 . Having presented the
necessary background briefly, we shall now examine a
specific model of f(T ) gravity in the context of isotropic
cosmology.

III. EXPONENTIAL INFRARED
TELEPARALLEL COSMOLOGY

In this work, we consider a particular model proposed
in Ref. [9] described by the choice of

f(T ) = Te�T0/T , (14)

where � is a dimensionless constant and T0 is the present-
day value of the torsion scalar. Given that the (pressure-
less) matter obeys, as in GR, the local energy-momentum
conservation law [3], viz., ⇢̇m + 3H⇢m = 0, substituting
Eq. (14) into Eq. (12) along with the relation (11), we
obtain the following independent Friedmann equation and
the constraint equation:
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⌦m0(�) = (1� 2�)e� , (16)

where ⌦m0 = ⇢m0/(3H2
0 )—the density parameter is de-

fined as ⌦ = ⇢/⇢cr with ⇢cr = 3H2/ being the critical
energy density of the Universe, the redshift is defined from
the scale factor as z = a0/a� 1 with a0 being the today
value of the scale factor. Here and hereafter, a subscript 0
attached to any quantity denotes its present-day (i.e., at
z = 0) value. Note that Eq. (16) is obtained by applying
H(z = 0) = H0 condition to Eq. (15).

It should be noted first that it is not possible to isolate
H in Eq. (15), and hence, we are not able to give an ex-
plicit exact solution for H(z). Although there are various
reconstruction methods [66, 67] exposing the explicit Hub-
ble parameter of several f(T ) models, they still do not
provide an equivalent response. Yet, recasting Eq. (15)
with the constraint (16), we can extract the redshift as a
function of the Hubble parameter as follows:

z(H) = e
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DE evolves in the phantom regime for small redshift
values (z < 5), yet remains within the observational
bounds. As is seen from the bottom right panel of Fig. 4,
today (at z = 0) the matter (dashed curve) and torsional
DE (solid curve) respectively have ⌦m0 = 0.264 and
⌦T0 = 0.736 whereas the EoS parameter of the torsional
DE is wT(z = 0) = �1.10, below the phantom divide line
in �+ case of the model. It is noteworthy that in �+ case,
⇢T always takes positive values.

As can be seen in top panel of Fig. 5, for large redshifts,
z � 1, the model recovers the deceleration parameter
of the matter-dominated era in ⇤CDM, viz., q = 0.5.
Also, the accelerated expansion begins at ztr ⇡ 0.76 and
the present-day value of the deceleration parameter is
q0 = �0.72. In the far future limit (z ! �1), we have
q ! �1 as H ! 66.95 km s�1Mpc�1. In bottom panel of
Fig. 5, we plot the comoving Hubble parameter, viz., the
expansion speed ȧ = H(z)/(1 + z), with respect to red-
shift. It can be seen that the phantom model fits better
than ⇤CDM model agreeing with SH0ES collaboration
measurement H0 = 73.04±1.04 km s�1Mpc�1 [70]. More-
over, the model is marginally consistent with the eBOSS
DR16 Ly-↵-Ly-↵ measurement at an e↵ective redshift
ze↵ = 2.33 whereas ⇤CDM is not. In Ref. [11], this model
has been constrained employing di↵erent datasets, to test
its viability, in comparison with ⇤CDM, as a model of
late-time cosmic acceleration. The obtained parameters
are H0 = 70.7± 1.3 and ⌦m0 = 0.317± 0.017 using Base
dataset as SNIa+H0+BAO+BBN [Supernovae Type Ia
(SNIa) distances observations, H0 measurements, baryon
acoustic oscillation (BAO) and big bang nucleosynthesis
(BBN)]; H0 = 70.6+1.3

�1.2, ⌦m0 = 0.315 ± 0.017 and S8 =
0.785±0.035 from Base dataset+RSD where RSD denotes
redshift space distortion observations; H0 = 70.52± 0.71,
⌦m0 = 0.2947± 0.0077 and S8 = 0.774+0.035

�0.041 from Base
dataset+RSD+CMB. See Ref. [71, 72] for phantom cross-
ing DE parametrizations alleviating H0 tension.

C. �� case: Sign-Changing Torsional DE

We now discuss some features of the sign-changing DE
model achieved with �� staying loyal to color of the Re-
gion IV, the solid blue colored curve of Fig. 1. As is seen
from the top left panel of Fig. 4, the energy density of
phantom DE (orange curve) decreases with respect to
increasing redshift but still tends to remain above zero.
On the other hand, the density of torsional DE (blue
curve) takes negative values at large redshifts for �� case.
Hence, considering the positivity of the present-time DE
density implied by the interval 0 < ⌦m0 < 1, we may
predict without further calculation that with the choice
of ��, one can achieve a sign-switch-like mechanism, or
at least, a sign change in the energy density of torsional
DE from negative to positive values during the evolution
of the Universe. The discussion we have presented above
clearly shows that the phantom DE achieved with �+

permits the alleviation of the H0 tension, though the

less significant Ly-↵ discrepancy persists. This situation
might have caused the other solution branch yielding ��
to be overlooked so far in the literature. Nevertheless,
theoretical curiosity propels us to examining the �� re-
gion producing an e↵ective sign-changing DE that takes
negative energy density values in the past.
In contrast to the previous �+ case, when we utilize

��, the energy density of the torsional DE reaches zero
at a certain redshift, that is,

⇢T(z = z†) = 0, (30)

which reduces the Friedmann equation given in Eq. (23) to
that of the matter-dominated FLRW universe. Therefore,
using Eqs. (24) and (30) along with H2/H2
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When the torsional DE density reaches zero at z = z†, its
EoS parameter exhibits a singularity (pole) at the same
redshift accordingly. We calculate the limit of the EoS
parameter given in Eq. (26) as z approaches z†; we obtain
that wT ! +1 as z ! z† (or H ! H0

p
⌦m0(1 + z†)3/2)

from right and wT ! �1 as z ! z† from left. This result
can be compactly written as lim

z!z
±
†
wT(z) = ±1 and

physically implies that at some instant beyond z† in the
past, as the torsional dark energy prefers negative values,
the EoS parameter starts increasing from minus unity to
positive infinity, then exhibits a singularity (pole) at z†
when the torsional DE density changes sign to become
positive, and that followed by its increasing from negative
infinity to a finite value. Such a singularity (pole) is
necessary for a minimally interacting DE that changes
the sign of its energy density, becoming positive in the
late Universe [38, 56, 57].
Substituting the parameters given above for ��, viz.

H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and �� = �3.782,
into Eq. (31), we obtain the sign transition redshift
z† = 1.49 and depict the sign changing of the energy
density of torsional DE in top left panel of Fig. 4 and the
singularity (pole) of wT(z) in bottom panel of the same
figure. At large redshifts, wT approaches to minus unity
and the energy density of torsional DE takes negative val-
ues decreasing with higher redshift, and finally settles in
a plateau with ⇢T = �3.782⇢cr0 for z > 8. However, the
bottom right panel of Fig. 4 depicts the density parame-
ters at these large redshifts as ⌦T(z) ! 0 and ⌦m(z) ! 1,
hence, the model does not spoil the matter-domination
feature of this epoch. It is also seen that the present
time values are ⌦m0 = 0.195 and ⌦T0 = 0.805 along with
wT(z = 0) = �0.92 for the torsional DE, which is slightly
larger than minus unity (that of cosmological constant).
We note that the relatively small value of the present-time
matter density parameter is due to fixing of the physi-
cal matter energy density according to the CMB-based
constraint ⌦m0h2 = 0.14314 such that it is in inverse cor-
relation with the large H0 value. An interesting feature

Akarsu,NK, Kumar, Nunes, ozturk, Sharma, EPJC 80, 1050 (2020). 2004.04074

https://arxiv.org/search/astro-ph?searchtype=author&query=Sabogal%2C+M+A
https://arxiv.org/search/astro-ph?searchtype=author&query=Akarsu%2C+%C3%96
https://arxiv.org/search/astro-ph?searchtype=author&query=Bonilla%2C+A
https://arxiv.org/search/astro-ph?searchtype=author&query=Di+Valentino%2C+E
https://arxiv.org/search/astro-ph?searchtype=author&query=Nunes%2C+R+C


Why β < 0 case?

• f(T) gravity is capable on the way to integrating ΛsCDM into a 
theoretical framework.


• ΛsCDM is the most economical phenomenological extension of the 
standard ΛCDM,


•  its capability to simultaneously resolve the major cosmological 
tensions, notably, H0, S8 and Mb tensions along with less 
significant  tensions currently present in ΛCDM.                                                                     


Akarsu et.al. 2307.10899


• the model  comprises a mirror AdS-dS t ransition, realized by a sign-
switching cosmological constant represented as   


Λs = Λs0 sgn[z†  −z] 


• where transition occurring at the redshift z† ∼ 2 on average. 


• The shift from a  negative value to a positive value is unconventional 
and challenging in the achieving of a concrete mechanism 
underlying the Λ CDM model from fundamental theories of  physics. 


• Nevertheless, successes on alleviating tensions are quite 
encouraging for the search of incorporating this model into a well 
established and predictive theoretical framework.


•

Nyugen, Huterer, Wen, 


Evidence for Suppression of Structure Growth in 
the Concordance Cosmological Model, 
Phys.Rev.Lett. 131 (2023) 11, 111001

Akarsu kumar Vazquez Yadav Phys. Rev. D 108, 023513 (2023), 2211.05742

Akarsu barrow Escamilla Vazquez Phys. Rev. D 101, 063528 (2020), 1912.08751

Akarsu özülker kumar Vazquez Phys. Rev. D 104, 123512 (2021),2108.09239



Possible scenarios
• Overall sign change of the metric [alexandre, gıelen, magueıjo, JCAP 02 (2024) 036, 

230611502]  : imaginary space" extensions of the usual Lorentzian theory, with  
.


• a string inspired model where Casimir forces of fields inhabiting the bulk of the 
dark dimension scenario  [Anchordoqui,antoniadis,lüst, Phys. Lett. B 855 (2024) 
138775,2312.12352,  &noble, sorıano 2404.17334


• Type II minimally modified gravity (VCDM). [akarsu et al. 2402.07716, 2406.07526]


• Construction of ΛsCDM from the presence of higher dimensions [akarsu, bulduk, 
nk, özülker,Perivolaropoulos]

a2 < 0

Can they be distinguishable from 
different predictions from ΛCDM 

and from each others?  
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FIG. 5. The figure shows the posteriors of ⇢DE(z)/⇢c0 (top panels) and wDE(z) (bottom panels); the more frequent
the lines, the more probable. Violet is for the analysis with the Planck+PantheonPlus&SH0ES data set, and red is for
Planck+BAO+PantheonPlus&SH0ES. The bolder solid lines correspond to the best fit sample of their corresponding data set.
The horizontal grey dashed line in the top panels show the Plik best fit value in Ref. [7] for comparison, and the horizontal
black dashed line in the bottom panels is the PDL. The vertical dashed lines in the bottom panels show the redshifts DE crosses
to negative values for the best fit samples of the same color, i.e., they show the best fit zp; these dashed lines also correspond
to the asymptotes of wDE(z) for the best fit plots.

definitions of these parameters see Section III.

To discuss the features of DMS20 DE related to neg-
ative energy densities, we present Figs. 3, 5 and 6
showing constraints on some relevant functions and
parameters for our most extensive data combination,
viz., Planck+BAO+PantheonPlus&SH0ES, and also for
the Planck+PantheonPlus&SH0ES data combination in
which case the features related to negative DE density
are most emphasized within DMS20 DE.

We present the two-dimensional marginalized con-
straints of H0 versus ap in Fig. 3 to show the correla-
tion between the Hubble constant and the scale of the
universe at which n-quintessence–p-phantom crossing oc-
curs, along with those of H0 versus an and am. In the
Planck+PantheonPlus&SH0ES case, we see a positive
correlation between H0 and ap, while no correlation is

present with the other two parameters an and am. On
the other hand, once BAO data are included, the correla-
tion between H0 and ap becomes weak,7 and a slight neg-
ative correlation appears between H0 and am with still

7
This weakening of the correlation between H0 and the time

of crossing to negative densities, accompanying the lesser con-

straints on ap with the addition of the BAO data, was also found

within the ⇤sCDM model [73, 76] which has other parallelisms

with DMS20 DE as noted further below in the main text; com-

pare the leftmost panel of Fig. 3 with the bottom leftmost panel

of Fig. 2 in Ref. [76] and Fig. 8 in Ref. [73]. Within ⇤sCDM,

the strict CMB-based constraints on DM (z⇤) enforces a nonlin-

ear degeneracy between the time of crossing and H0; the shape

of this degeneracy (see also Fig. 2 in Ref. [73] and relevant dis-

cussions therein), which implies a weakened linear correlation

if the crossing happens at earlier times, explains these findings

7

FIG. 2. Functional posterior probability of the reconstruction by using a Gaussian Process and w = �1. The probability as
normalised in each slice of constant z, with colour scale in confidence interval values (see color bar at the right). The 68% (1�)
and 95% (2�) confidence intervals are plotted as black lines. From left to right in the upper part: the reescalation function
IQ(z), the Hubble Parameter, the deceleration parameter and the e↵ective EoS parameter for DE. In the lower part: the
e↵ective EoS parameter for DM, the density for DM and DE respectively and the e↵ective pressure ⇧DE. The dashed black
line corresponds to the standard ⇤CDM values.

TABLE II. Mean values, and standard deviations, for the
parameters used throughout the reconstructions. For each
model, the last two columns present the Bayes Factor,
and the �2� lnLmax ⌘ �2 ln(Lmax,⇤CDM/Lmax,i) for fit-
ness comparison. The datasets used are BAO+H+SN. Here
�2 lnLmax,⇤CDM = 1429.7, lnE⇤CDM = �721.35(0.14).

Model EoS parameter h ⌦m,0 lnB⇤CDM,i �2� lnLmax

⇤CDM -1 0.683 (0.008) 0.306 (0.013) 0 0

wCDM wc 0.675 (0.022) 0.296 (0.016) 1.51 (0.18) -2.73

CPL w0 + wa(1� a) 0.676 (0.023) 0.298 (0.019) 2.37 (0.19) -2.81

SSIK w0 0.681 (0.025) 0.303 (0.027) 3.82 (0.21) -3.12

⇧DE GP -1 0.684 (0.027) 0.321 (0.032) 8.61 (0.21) -3.89

w0 0.687 (0.027) 0.311 (0.024) 8.01 (0.21) -4.22

⇧DE bins -1 0.684 (0.025) 0.319 (0.027) 5.69 (0.22) -3.88

w0 0.689 (0.027) 0.314 (0.025) 7.51 (0.22) -3.92

and �2� lnLmax = �3.92 with respect to the ⇤CDM
scenario, improving the fit of the data and also perform-
ing slightly similar the reconstruction made with the GP
interpolation. The results for this case also present os-
cillations around the null value of the interaction kernel
⇧DE = 0 which, again, indicates more than one shift
in the direction of energy density transfer. However, by
using bins, the oscillations are noisier and thus more dif-
ficult to spot than in the one performed using GP; the

TABLE III. Constraints at 68% CL of the parameters for
our model-independent reconstructions. The values for ⇧4

are unconstrained for some of the cases, and for ⇧5 for every
case, which is expected given the lack of data in this redshift.

Model w0 ⇧1 ⇧2 ⇧3 ⇧4 ⇧5

⇧DE GP �1 �0.01(0.26) �0.26(0.36) �0.29(1.04) 0.93(5.34) unconstr.

�0.81(0.16) �0.78(0.71) �0.16(0.39) �0.22(1.14) 5.35(5.82) unconstr.

⇧DE bins �1 0.04(0.05) �0.61(0.56) 0.54(3.16) unconstr. unconstr.

�0.98(0.09) 0.02(0.06) �0.43(0.76) 0.18(3.55) unconstr. unconstr.

results of the two cases, with fixed or varying EoS pa-
rameter, are very similar to each other. As far as the
reconstructed derived features, we have a similar behav-
ior to that found with GP. The re-escalation function
IQ(z), for example presents some oscillatory-like behav-
ior that is less pronounced than the GP case, but lacks
the first peak at redshift z ⇠ 0.5. The Hubble parameter
presents a horizontal flat region (darker green). How-
ever, due to the larger confidence contours, it causes the
existence of a region where the deceleration parameter
equals zero, z ⇠ 0.5 � 1.2. Finally, the e↵ective DE EoS
parameter presents again a pole, but in this case closer to
z = 2, which suggests a transition to a negative DE den-
sity, ⇢DE(z)/⇢c,0; and the e↵ective DM EoS parameter
shows deviations zero at more than 1-� level. These sim-
ilar behaviors were expected as both model-independent
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ior to that found with GP. The re-escalation function
IQ(z), for example presents some oscillatory-like behav-
ior that is less pronounced than the GP case, but lacks
the first peak at redshift z ⇠ 0.5. The Hubble parameter
presents a horizontal flat region (darker green). How-
ever, due to the larger confidence contours, it causes the
existence of a region where the deceleration parameter
equals zero, z ⇠ 0.5 � 1.2. Finally, the e↵ective DE EoS
parameter presents again a pole, but in this case closer to
z = 2, which suggests a transition to a negative DE den-
sity, ⇢DE(z)/⇢c,0; and the e↵ective DM EoS parameter
shows deviations zero at more than 1-� level. These sim-
ilar behaviors were expected as both model-independent
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FIG. 4. Functional posterior probability of the reconstruction by using a Binning scheme and w = �1. The probability as
normalised in each slice of constant z, with colour scale in confidence interval values. The 68% (1�) and 95% (2�) confidence
intervals are plotted as black lines. From left to right in the upper part: the reescalation function IQ(z), the Hubble Parameter,
the deceleration parameter and the e↵ective EoS parameter for DE. In the lower part: the e↵ective EoS parameter for DM, the
density for DM and DE respectively and the dimensionless interaction kernel ⇧DE. The dashed black line corresponds to the
standard ⇤CDM values.

⇤CDM model. By using these reconstructions some de-
rived functional posteriors were also obtained, which in-
herit the general characteristics of ⇧(z). These oscilla-
tory features can be more clearly observed through the
reescalation function introduced in [116], and it is worth
noting that similar shapes were also found in a model-
independent reconstruction in [114]; (see also [145], sug-
gesting that, in the relativistic cosmological models that
deviate from ⇤CDM, dark energies are expected to ex-
hibit such behaviors for the consistency with CMB data).
We noticed the Hubble parameter was slightly modified
in order to alleviate the tension created between low
and high redshift BAO data (reflected in the improve-
ment of fit) which also causes a shift, to later times, for
the beginning of the acceleration epoch. When plot-
ting the functional posterior of the DE e↵ective EoS
parameter we observed a quintom-like behavior at low
redshift, with a preference zone of the 68% confidence
contour away from the ⇤CDM. Additionally, we observe
the presence of a pole at about z ⇠ 2.3 recovering a
shape with an asymptote, proposed and studied in other
works [62, 69, 107, 146, 147]. This particular shape is
required when having a DE energy density that presents
a transition from positive to negative energy density or
vice versa. This transition is present in the 68% contour
of the derived DE energy density. Last but not least,
an important implication of these reconstructions is seen

with Eq. (8). Since we found a non negligible interaction
kernel, thus the e↵ective behavior of DM, at the largest
scales, may not be described by a perfect pressure-less
fluid but something around it.
Despite the positive outcomes observed in the fit of the

data, we cannot ignore the Bayes’ Factors. As our model-
independent method introduces several new parameters,
it is expected to be in disadvantage when compared to the
concordance model. To achieve improved results without
disregarding our findings, it would be advisable to con-
sider a new parameterization or a change in the basis
with a considerably reduced number of parameters, that
can take into account the new found features.
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with � = sgn(ã2), so that �1 < ã2 < 1, trading a2 for
a new ã2 covering the whole real line. We also redefine
the lapse function as

Ñ2 = �N2. (10)

Then, in terms of the new variables, the metric is

ds2 = sÑ2 dt2 + ã2 h0
ijdx

idxj (11)

which might be seen as a more economical parametrisa-
tion than (4), and (8) becomes

S =
3Vc

8⇡G

Z
dt

 
˙̃bã2 � Ñ ã

 
sb̃2 � k +

⇤̃

3
ã2
!!

(12)

with b̃ = �b and ⇤̃ = �⇤. Hamilton’s equations are

˙̃b = Ñ ã
⇤̃

3
, (13)

(ã2)· = �2Ñ ã sb̃. (14)

For Ñ2 < 0 (ã2 < 0), the quantity Ñ (ã) requires a choice
of complex square root (see Sec. VI); we have made a
choice in replacing Na by Ñ ã (rather than �Ñ ã). More-
over, ⇤̃ is no longer a fixed constant but changes sign
according to

⇤̃ = sgn(ã2)⇤ . (15)

In terms of ⇤̃, Lorentzian dS in “mostly plus” signature
has ⇤̃ > 0 but in “mostly minus” signature has ⇤̃ < 0.
This simply reflects our chosen assumptions for how ⇤
changes with changing signature. Had we started with
the opposite convention, i.e., ⇤ > 0 with “mostly minus”
signature gives Lorentzian AdS, ⇤̃ would be constant.

In general, ⇤̃ is locally constant in each region in which
the metric is non-degenerate, but can flip sign in passing
through a boundary of degenerate metric. We can use
this freedom to choose ⇤ as a general function of the
signature parameters � or s,

⇤ = ⇤(�, s) . (16)

Through the contracted Bianchi identities, the Einstein
equations imply

@µ(�⇤) = 0 (17)

whenever the Einstein equations are well-defined. At the
boundaries with degenerate metric, curvature tensors are
not defined and there are no Einstein equations imposing
such a restriction.

At the level of minisuperspace (12), the consistency
condition on ⇤̃ is obtained by taking the time derivative
of the Hamiltonian constraint and using the equations of
motion:

˙̃⇤ ã2 = 0 . (18)

Again this shows that ⇤̃ needs to be constant away from
degenerate points ã2 = 0.
The prescription of constant ⇤̃, which is the one we will

use below and the one also appearing in the quantum
cosmology literature [15], is evidently compatible with
the Bianchi identities in any case.

III. SIGNATURE CHANGE IN
EINSTEIN–CARTAN FORMALISM

To understand better the implications of the previous
Section, we now consider how it fits into the first order
formulation (in whatever guise) which allows for topol-
ogy and signature change even at the classical level [1].
For definiteness we take the Einstein–Cartan formalism.
The space-time metric is defined in terms of the tetrad
eaµ by gµ⌫ = ⌘abeaµe

b
⌫ , where by convention we put

the signature s and flip � into the tangent-space met-
ric ⌘ab = diag[�(s + ++)] rather than the tetrad. The
Levi-Civita symbol remains the same for ✏abcd, but ver-
sions with raised indices need to be adapted accordingly.
Then, the action for gravity with a cosmological constant
is

SG =
1

32⇡G

Z
✏abcd

✓
�eaebRcd � ⇤

6
eaebeced

◆
(19)

where Rab is the curvature 2-form associated to a connec-
tion �a

b. Under the usual conditions (zero torsion and
non-degeneracy of the metric) this action reduces to (1).
The flip � remains a notational nuisance without any

physical e↵ect until we realize that in the first-order for-
malism the signature can change across surfaces with de-
generate metric. In tandem with this, ⇤ (as defined by
any convention, e.g. (1) or (19)) can change sign and
value across such boundaries, indeed it can be any func-
tion ⇤ = ⇤(�, s). Each of these functions leads to physi-
cally di↵erent theories. To see how this is possible, con-
sider the equations of motion following from (19),

✏abcd
⇣
ebRcd � �

3
⇤ebeced

⌘
= 0 , (20)

T [aeb] = 0 . (21)

Usually the Bianchi identity DR = 0 forces ⇤ to be con-
stant; however, (setting the torsion to zero; see [16–18])
we have

✏abcde
becedd(�⇤) = 0 (22)

so that �⇤ can vary across surfaces where the tetrad
is degenerate, such as a 3-surface where at least one of
the tangent tetrads is zero, as is often the case in (not
necessarily isotropic) cosmology. Again, any prescription
⇤ = ⇤(�, s) seems consistent. Since s and � are scalars
this does not break di↵eomorphism invariance.

The meaning of imaginary space (Alexandre, Gielen & Magueijo 
arXiv:2306.11502)

Constructing 4D ΛCDM and ΛsCDM models from the presence 
higher dimensions (Akarsu, Bulduk, Katırcı, Özülker, Perivolaropoulos, 
in progress)

They show that  a classical metric signature change across boundaries 
with a degenerate metric in different formulations of general relativity 
allows for classical solutions where the open dS patch can arise from a 
portion of AdS space time. 
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Robertson-Walker (RW) metric

ds
2 = �dt

2+a
2(t)

dx
2
1 + dx

2
2 + dx

2
3⇥

1 + kext
4 (x2

1 + x
2
2 + x

2
3)
⇤2

+s
2(t)

dy
2
1 + ...+ dy

2
n⇥

1 + kint
4 (y21 + ...+ y2

n
)
⇤2 .

(3)

Here a(t) is the scale factor, kext is the curvature index
of the 3-dimensional external space and s(t) is the scale
factor, kint is the curvature index of the n-dimensional
internal space where n = 1, 2, 3, ... is the number of the
internal dimensions.

The curvature indices kext(int) < 0, kext(int) = 0 and
kext(int) > 0 correspond to spatially open, flat, and
closed universes, respectively. We note that the manifold
R ⇥ M

3 is equipped with the usual Robertson-Walker
metric and M

3 can be either open, flat or closed, respec-
tively. On the other hand, it is important that the inter-
nal space is compact since we require internal space to
yield finite volume. It is known that there are non-trivial
global topologies that are compact for any sign of the sec-
tional curvature. In the case kint > 1 the n-dimensional
space is n-sphere (Kn = S

n), in the case kint = 0 the most
simple example for a compact n-dimensional space is the
n-dimensional torus (Kn = T

n). We note that we also
consider negative constant sectional curvature kint < 1
(hyperbolic geometry) for the internal space. Such spaces
are also compact if they have a quotient structure such
that K

n = H
n
/�, where H

n and � are n-dimensional
hyperbolic space and its discrete isometry group, respec-
tively. In the following we shall refer to the cases as the
open, flat and closed internal space in accordance with
the common usage in cosmology.

We describe the (1 + 3 + n)-dimensional fluid with
an energy-momentum tensor (EMT) that yields distinct
pressures in the external and internal spaces:

T̃
⌫

µ
= diag[�⇢̃, p̃ext, p̃ext, p̃ext, p̃int, ..., p̃int] (4)

where ⇢̃ is the energy density, p̃ext and p̃int are the pres-
sures that are associated with the external and internal
dimensions, respectively. In fact, this is the most general
form of the EMT that can be used for describing a fluid
at rest in comoving coordinates, i.e. whose (1 + 3 + n)-
velocity is u

µ = (1, 0, 0, ...), within the framework of the
spacetime defined by the metric (3). Since we do not
know the nature of the physical ingredients of the higher
dimensional universe, we conveniently allow the possibil-
ity of an EMT with distinct and dynamical pressures in
the external and internal spaces.

Einstein’s field equations (1) for the metric (3) in the
presence of the EMT given by (4) lead to the following
system of differential equations

3


ȧ
2

a2
+

kext

a2

�
+

1

2
n(n�1)


ṡ
2

s2
+

kint

s2

�
+3n

ȧ

a

ṡ

s
= ̃⇢̃+ ⇤̃,

(5)

2
ä

a
+

ȧ
2

a2
+

kext

a2
+

1

2
n(n� 1)


ṡ
2

s2
+

kint

s2

�
+ n

s̈

s
+ 2n

ȧ

a

ṡ

s

= �̃p̃ext + ⇤̃,

(6)

and

3
h
ä

a
+ ȧ

2

a2 + kext
a2

i
+ (n� 1)

⇥
s̈

s
+ 3 ȧ

a

ṡ

s

⇤

+ 1
2 (n� 1)(n� 2)

h
ṡ
2

s2
+ kint

s2

i
= �̃p̃int + ⇤̃. (7)

Correspondingly the continuity equation for the (1+ 3+
n)-dimensional fluid is follows:

˙̃⇢+

✓
3
ȧ

a
+ n

ṡ

s

◆
⇢̃+ 3

ȧ

a
p̃ext + n

ṡ

s
p̃int = 0. (8)

A. Static internal dimensions

We study a higher dimensional geometric extension of
the ⇤CDM model we assume external space is flat and
internal space is static. For a static internal space, s =
const, it is necessary to simultaneously demand ṡ = s̈ = 0
in the Einstein field equations Eqs. (5)-(7), accordingly,
assuming external space is flat kext = 0, we have the
following set of equations;

3
ȧ
2

a2
+

1

2
n(n� 1)

kint

s
2
0

� ⇤̃ = ̃⇢̃, (9)

ȧ
2

a2
+ 2

ä

a
+

1

2
n(n� 1)

kint

s
2
0

� ⇤̃ = �̃p̃ext, (10)

3
ȧ
2

a2
+ 3

ä

a
+

1

2
(n� 1)(n� 2)

kint

s
2
0

� ⇤̃ = �̃p̃int, (11)

where the internal space curvature has the same con-
stant contribution to ⇤̃ in (9) and (10) acting exact cos-
mological constant with w = �1 in 1 + 3 dimension for
n 2 N \ {0, 1} as

�̃ = ⇤̃�
n(n� 1)

2

kint

s2

w̃�̃ = {�1,�1,�1,�1 +
2

n
,�1 +

2

n
, ...}

(12)

whereas the contribution of internal space curvature
anisotropies (1 + 3 + n) dimensional cosmological term
with a factor of �1 + 2/n in (11). This is interesting in
that infinite number of higher dimension limit n ! 1,
this factor tends to zero, it approximates cosmological
constant EoS, w ! {�1,�1,�1,�1,�1, ...} and Zel-
dovich (stiff) fluid (p = ⇢) which is the most rigid EoS
compatible with the requirements of relativity [18] re-
quires n > 1.

The similar structure discussed in [17], such that ge-
ometrical terms makes dark energy dynamical and di-
rection dependent, as in the dynamics of the Jordan

2

we can instead use the linearized conservation equation

�̇ + 3(1 + wext)�̇ext + n(1 + wint)�̇int = 0. (7)

which eq. (7) yields

� = C � 3�e �
n

2
�i. (8)

II. THE MODEL

As the theory of gravitation, we consider the extension of the conventional general theory

of relativity with a cosmological constant defined in 4-dimensional spacetime to (1+3+n)–

dimensional spacetime while preserving its mathematical structure;

R̃µ⌫ �
1

2
g̃µ⌫R̃� ⇤̃g̃µ⌫ = ̃T̃µ⌫ . (9)

where the indices µ, ⌫ run through 0, 1, ..., n + 4 and 0 is reserved for the cosmic (proper)

time t. R̃µ⌫ , R̃, and g̃µ⌫ are, respectively, the Ricci tensor, Ricci scalar, and the metric tensor

of the (1 + 3 + n)–dimensional spacetime. Here ̃ = 8⇡G̃ with G̃ being the (1 + 3 + n)–

dimensional gravitational coupling constant and ⇤̃ is a (1+3+n)–dimensional cosmological

constant.

We consider (1 + 3 + n)-dimensional spacetime manifold with product topology

M
1+3+n = R⇥M

3
⇥K

n
, (10)

where R is the manifold of time, M3 is the manifold of 3-dimensional external space that

represents the space we observe and K
n is the manifold of the n-dimensional compact internal

space that may be so small to be observed directly and locally. We define, on this manifold,

a spatially homogenous but not necessarily isotropic (1 + 3 + n)-dimensional synchronous

spacetime metric that involves 3-dimensional external space with constant curvature for M3

and n-dimensional internal space with constant curvature for K
n:

ds
2 = �dt

2+a
2(t) (dx2

1 + dx
2
2 + dx

2
3) + s

2(t)
dy

2
1 + ...+ dy

2
n⇥

1 + kint
4 (y21 + ...+ y2n)

⇤2 . (11)

***************

g̃AB = � dt2 + a
2(t)(dx1

2 + x
2
2 + x

2
3) + s

2(t)(y21 + ...+ y
2
n). (12)

Some theoretical realizations…?
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FIG. 5. The figure shows the posteriors of ⇢DE(z)/⇢c0 (top panels) and wDE(z) (bottom panels); the more frequent
the lines, the more probable. Violet is for the analysis with the Planck+PantheonPlus&SH0ES data set, and red is for
Planck+BAO+PantheonPlus&SH0ES. The bolder solid lines correspond to the best fit sample of their corresponding data set.
The horizontal grey dashed line in the top panels show the Plik best fit value in Ref. [7] for comparison, and the horizontal
black dashed line in the bottom panels is the PDL. The vertical dashed lines in the bottom panels show the redshifts DE crosses
to negative values for the best fit samples of the same color, i.e., they show the best fit zp; these dashed lines also correspond
to the asymptotes of wDE(z) for the best fit plots.

definitions of these parameters see Section III.

To discuss the features of DMS20 DE related to neg-
ative energy densities, we present Figs. 3, 5 and 6
showing constraints on some relevant functions and
parameters for our most extensive data combination,
viz., Planck+BAO+PantheonPlus&SH0ES, and also for
the Planck+PantheonPlus&SH0ES data combination in
which case the features related to negative DE density
are most emphasized within DMS20 DE.

We present the two-dimensional marginalized con-
straints of H0 versus ap in Fig. 3 to show the correla-
tion between the Hubble constant and the scale of the
universe at which n-quintessence–p-phantom crossing oc-
curs, along with those of H0 versus an and am. In the
Planck+PantheonPlus&SH0ES case, we see a positive
correlation between H0 and ap, while no correlation is

present with the other two parameters an and am. On
the other hand, once BAO data are included, the correla-
tion between H0 and ap becomes weak,7 and a slight neg-
ative correlation appears between H0 and am with still

7
This weakening of the correlation between H0 and the time

of crossing to negative densities, accompanying the lesser con-

straints on ap with the addition of the BAO data, was also found

within the ⇤sCDM model [73, 76] which has other parallelisms

with DMS20 DE as noted further below in the main text; com-

pare the leftmost panel of Fig. 3 with the bottom leftmost panel

of Fig. 2 in Ref. [76] and Fig. 8 in Ref. [73]. Within ⇤sCDM,

the strict CMB-based constraints on DM (z⇤) enforces a nonlin-

ear degeneracy between the time of crossing and H0; the shape

of this degeneracy (see also Fig. 2 in Ref. [73] and relevant dis-

cussions therein), which implies a weakened linear correlation

if the crossing happens at earlier times, explains these findings

7

FIG. 2. Functional posterior probability of the reconstruction by using a Gaussian Process and w = �1. The probability as
normalised in each slice of constant z, with colour scale in confidence interval values (see color bar at the right). The 68% (1�)
and 95% (2�) confidence intervals are plotted as black lines. From left to right in the upper part: the reescalation function
IQ(z), the Hubble Parameter, the deceleration parameter and the e↵ective EoS parameter for DE. In the lower part: the
e↵ective EoS parameter for DM, the density for DM and DE respectively and the e↵ective pressure ⇧DE. The dashed black
line corresponds to the standard ⇤CDM values.

TABLE II. Mean values, and standard deviations, for the
parameters used throughout the reconstructions. For each
model, the last two columns present the Bayes Factor,
and the �2� lnLmax ⌘ �2 ln(Lmax,⇤CDM/Lmax,i) for fit-
ness comparison. The datasets used are BAO+H+SN. Here
�2 lnLmax,⇤CDM = 1429.7, lnE⇤CDM = �721.35(0.14).

Model EoS parameter h ⌦m,0 lnB⇤CDM,i �2� lnLmax

⇤CDM -1 0.683 (0.008) 0.306 (0.013) 0 0

wCDM wc 0.675 (0.022) 0.296 (0.016) 1.51 (0.18) -2.73

CPL w0 + wa(1� a) 0.676 (0.023) 0.298 (0.019) 2.37 (0.19) -2.81

SSIK w0 0.681 (0.025) 0.303 (0.027) 3.82 (0.21) -3.12

⇧DE GP -1 0.684 (0.027) 0.321 (0.032) 8.61 (0.21) -3.89

w0 0.687 (0.027) 0.311 (0.024) 8.01 (0.21) -4.22

⇧DE bins -1 0.684 (0.025) 0.319 (0.027) 5.69 (0.22) -3.88

w0 0.689 (0.027) 0.314 (0.025) 7.51 (0.22) -3.92

and �2� lnLmax = �3.92 with respect to the ⇤CDM
scenario, improving the fit of the data and also perform-
ing slightly similar the reconstruction made with the GP
interpolation. The results for this case also present os-
cillations around the null value of the interaction kernel
⇧DE = 0 which, again, indicates more than one shift
in the direction of energy density transfer. However, by
using bins, the oscillations are noisier and thus more dif-
ficult to spot than in the one performed using GP; the

TABLE III. Constraints at 68% CL of the parameters for
our model-independent reconstructions. The values for ⇧4

are unconstrained for some of the cases, and for ⇧5 for every
case, which is expected given the lack of data in this redshift.

Model w0 ⇧1 ⇧2 ⇧3 ⇧4 ⇧5

⇧DE GP �1 �0.01(0.26) �0.26(0.36) �0.29(1.04) 0.93(5.34) unconstr.
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ior to that found with GP. The re-escalation function
IQ(z), for example presents some oscillatory-like behav-
ior that is less pronounced than the GP case, but lacks
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presents a horizontal flat region (darker green). How-
ever, due to the larger confidence contours, it causes the
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equals zero, z ⇠ 0.5 � 1.2. Finally, the e↵ective DE EoS
parameter presents again a pole, but in this case closer to
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shows deviations zero at more than 1-� level. These sim-
ilar behaviors were expected as both model-independent

7
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and 95% (2�) confidence intervals are plotted as black lines. From left to right in the upper part: the reescalation function
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ness comparison. The datasets used are BAO+H+SN. Here
�2 lnLmax,⇤CDM = 1429.7, lnE⇤CDM = �721.35(0.14).
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FIG. 4. Functional posterior probability of the reconstruction by using a Binning scheme and w = �1. The probability as
normalised in each slice of constant z, with colour scale in confidence interval values. The 68% (1�) and 95% (2�) confidence
intervals are plotted as black lines. From left to right in the upper part: the reescalation function IQ(z), the Hubble Parameter,
the deceleration parameter and the e↵ective EoS parameter for DE. In the lower part: the e↵ective EoS parameter for DM, the
density for DM and DE respectively and the dimensionless interaction kernel ⇧DE. The dashed black line corresponds to the
standard ⇤CDM values.

⇤CDM model. By using these reconstructions some de-
rived functional posteriors were also obtained, which in-
herit the general characteristics of ⇧(z). These oscilla-
tory features can be more clearly observed through the
reescalation function introduced in [116], and it is worth
noting that similar shapes were also found in a model-
independent reconstruction in [114]; (see also [145], sug-
gesting that, in the relativistic cosmological models that
deviate from ⇤CDM, dark energies are expected to ex-
hibit such behaviors for the consistency with CMB data).
We noticed the Hubble parameter was slightly modified
in order to alleviate the tension created between low
and high redshift BAO data (reflected in the improve-
ment of fit) which also causes a shift, to later times, for
the beginning of the acceleration epoch. When plot-
ting the functional posterior of the DE e↵ective EoS
parameter we observed a quintom-like behavior at low
redshift, with a preference zone of the 68% confidence
contour away from the ⇤CDM. Additionally, we observe
the presence of a pole at about z ⇠ 2.3 recovering a
shape with an asymptote, proposed and studied in other
works [62, 69, 107, 146, 147]. This particular shape is
required when having a DE energy density that presents
a transition from positive to negative energy density or
vice versa. This transition is present in the 68% contour
of the derived DE energy density. Last but not least,
an important implication of these reconstructions is seen

with Eq. (8). Since we found a non negligible interaction
kernel, thus the e↵ective behavior of DM, at the largest
scales, may not be described by a perfect pressure-less
fluid but something around it.
Despite the positive outcomes observed in the fit of the

data, we cannot ignore the Bayes’ Factors. As our model-
independent method introduces several new parameters,
it is expected to be in disadvantage when compared to the
concordance model. To achieve improved results without
disregarding our findings, it would be advisable to con-
sider a new parameterization or a change in the basis
with a considerably reduced number of parameters, that
can take into account the new found features.
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Model-independent reconstruction of the Interacting Dark Energy 
Kernel: Binned and Gaussian process (Escamilla, Akarsu, Di 
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Omnipotent dark energy: A phenomenological answer to the Hubble tension 
(Adil, Akarsu, Di Valentino, Nunes, Ozulker,  Sen, Specogna, arXiv:2306.08046)
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with � = sgn(ã2), so that �1 < ã2 < 1, trading a2 for
a new ã2 covering the whole real line. We also redefine
the lapse function as

Ñ2 = �N2. (10)

Then, in terms of the new variables, the metric is

ds2 = sÑ2 dt2 + ã2 h0
ijdx

idxj (11)

which might be seen as a more economical parametrisa-
tion than (4), and (8) becomes

S =
3Vc

8⇡G

Z
dt

 
˙̃bã2 � Ñ ã

 
sb̃2 � k +

⇤̃

3
ã2
!!

(12)

with b̃ = �b and ⇤̃ = �⇤. Hamilton’s equations are

˙̃b = Ñ ã
⇤̃

3
, (13)

(ã2)· = �2Ñ ã sb̃. (14)

For Ñ2 < 0 (ã2 < 0), the quantity Ñ (ã) requires a choice
of complex square root (see Sec. VI); we have made a
choice in replacing Na by Ñ ã (rather than �Ñ ã). More-
over, ⇤̃ is no longer a fixed constant but changes sign
according to

⇤̃ = sgn(ã2)⇤ . (15)

In terms of ⇤̃, Lorentzian dS in “mostly plus” signature
has ⇤̃ > 0 but in “mostly minus” signature has ⇤̃ < 0.
This simply reflects our chosen assumptions for how ⇤
changes with changing signature. Had we started with
the opposite convention, i.e., ⇤ > 0 with “mostly minus”
signature gives Lorentzian AdS, ⇤̃ would be constant.

In general, ⇤̃ is locally constant in each region in which
the metric is non-degenerate, but can flip sign in passing
through a boundary of degenerate metric. We can use
this freedom to choose ⇤ as a general function of the
signature parameters � or s,

⇤ = ⇤(�, s) . (16)

Through the contracted Bianchi identities, the Einstein
equations imply

@µ(�⇤) = 0 (17)

whenever the Einstein equations are well-defined. At the
boundaries with degenerate metric, curvature tensors are
not defined and there are no Einstein equations imposing
such a restriction.

At the level of minisuperspace (12), the consistency
condition on ⇤̃ is obtained by taking the time derivative
of the Hamiltonian constraint and using the equations of
motion:

˙̃⇤ ã2 = 0 . (18)

Again this shows that ⇤̃ needs to be constant away from
degenerate points ã2 = 0.
The prescription of constant ⇤̃, which is the one we will

use below and the one also appearing in the quantum
cosmology literature [15], is evidently compatible with
the Bianchi identities in any case.

III. SIGNATURE CHANGE IN
EINSTEIN–CARTAN FORMALISM

To understand better the implications of the previous
Section, we now consider how it fits into the first order
formulation (in whatever guise) which allows for topol-
ogy and signature change even at the classical level [1].
For definiteness we take the Einstein–Cartan formalism.
The space-time metric is defined in terms of the tetrad
eaµ by gµ⌫ = ⌘abeaµe

b
⌫ , where by convention we put

the signature s and flip � into the tangent-space met-
ric ⌘ab = diag[�(s + ++)] rather than the tetrad. The
Levi-Civita symbol remains the same for ✏abcd, but ver-
sions with raised indices need to be adapted accordingly.
Then, the action for gravity with a cosmological constant
is

SG =
1

32⇡G

Z
✏abcd

✓
�eaebRcd � ⇤

6
eaebeced

◆
(19)

where Rab is the curvature 2-form associated to a connec-
tion �a

b. Under the usual conditions (zero torsion and
non-degeneracy of the metric) this action reduces to (1).
The flip � remains a notational nuisance without any

physical e↵ect until we realize that in the first-order for-
malism the signature can change across surfaces with de-
generate metric. In tandem with this, ⇤ (as defined by
any convention, e.g. (1) or (19)) can change sign and
value across such boundaries, indeed it can be any func-
tion ⇤ = ⇤(�, s). Each of these functions leads to physi-
cally di↵erent theories. To see how this is possible, con-
sider the equations of motion following from (19),

✏abcd
⇣
ebRcd � �

3
⇤ebeced

⌘
= 0 , (20)

T [aeb] = 0 . (21)

Usually the Bianchi identity DR = 0 forces ⇤ to be con-
stant; however, (setting the torsion to zero; see [16–18])
we have

✏abcde
becedd(�⇤) = 0 (22)

so that �⇤ can vary across surfaces where the tetrad
is degenerate, such as a 3-surface where at least one of
the tangent tetrads is zero, as is often the case in (not
necessarily isotropic) cosmology. Again, any prescription
⇤ = ⇤(�, s) seems consistent. Since s and � are scalars
this does not break di↵eomorphism invariance.

The meaning of imaginary space (Alexandre, Gielen & Magueijo 
arXiv:2306.11502)

Constructing 4D ΛCDM and ΛsCDM models from the presence 
higher dimensions (Akarsu, Bulduk, Katırcı, Özülker, Perivolaropoulos, 
in progress)

They show that  a classical metric signature change across boundaries 
with a degenerate metric in different formulations of general relativity 
allows for classical solutions where the open dS patch can arise from a 
portion of AdS space time. 
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Robertson-Walker (RW) metric

ds
2 = �dt

2+a
2(t)

dx
2
1 + dx

2
2 + dx

2
3⇥

1 + kext
4 (x2

1 + x
2
2 + x

2
3)
⇤2

+s
2(t)

dy
2
1 + ...+ dy

2
n⇥

1 + kint
4 (y21 + ...+ y2

n
)
⇤2 .

(3)

Here a(t) is the scale factor, kext is the curvature index
of the 3-dimensional external space and s(t) is the scale
factor, kint is the curvature index of the n-dimensional
internal space where n = 1, 2, 3, ... is the number of the
internal dimensions.

The curvature indices kext(int) < 0, kext(int) = 0 and
kext(int) > 0 correspond to spatially open, flat, and
closed universes, respectively. We note that the manifold
R ⇥ M

3 is equipped with the usual Robertson-Walker
metric and M

3 can be either open, flat or closed, respec-
tively. On the other hand, it is important that the inter-
nal space is compact since we require internal space to
yield finite volume. It is known that there are non-trivial
global topologies that are compact for any sign of the sec-
tional curvature. In the case kint > 1 the n-dimensional
space is n-sphere (Kn = S

n), in the case kint = 0 the most
simple example for a compact n-dimensional space is the
n-dimensional torus (Kn = T

n). We note that we also
consider negative constant sectional curvature kint < 1
(hyperbolic geometry) for the internal space. Such spaces
are also compact if they have a quotient structure such
that K

n = H
n
/�, where H

n and � are n-dimensional
hyperbolic space and its discrete isometry group, respec-
tively. In the following we shall refer to the cases as the
open, flat and closed internal space in accordance with
the common usage in cosmology.

We describe the (1 + 3 + n)-dimensional fluid with
an energy-momentum tensor (EMT) that yields distinct
pressures in the external and internal spaces:

T̃
⌫

µ
= diag[�⇢̃, p̃ext, p̃ext, p̃ext, p̃int, ..., p̃int] (4)

where ⇢̃ is the energy density, p̃ext and p̃int are the pres-
sures that are associated with the external and internal
dimensions, respectively. In fact, this is the most general
form of the EMT that can be used for describing a fluid
at rest in comoving coordinates, i.e. whose (1 + 3 + n)-
velocity is u

µ = (1, 0, 0, ...), within the framework of the
spacetime defined by the metric (3). Since we do not
know the nature of the physical ingredients of the higher
dimensional universe, we conveniently allow the possibil-
ity of an EMT with distinct and dynamical pressures in
the external and internal spaces.

Einstein’s field equations (1) for the metric (3) in the
presence of the EMT given by (4) lead to the following
system of differential equations

3


ȧ
2

a2
+

kext

a2

�
+

1

2
n(n�1)


ṡ
2

s2
+

kint

s2

�
+3n

ȧ

a

ṡ

s
= ̃⇢̃+ ⇤̃,

(5)

2
ä

a
+

ȧ
2
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+

kext

a2
+

1

2
n(n� 1)


ṡ
2

s2
+

kint

s2

�
+ n

s̈

s
+ 2n

ȧ

a

ṡ

s

= �̃p̃ext + ⇤̃,

(6)

and

3
h
ä

a
+ ȧ

2

a2 + kext
a2

i
+ (n� 1)

⇥
s̈

s
+ 3 ȧ

a

ṡ

s

⇤

+ 1
2 (n� 1)(n� 2)

h
ṡ
2

s2
+ kint

s2

i
= �̃p̃int + ⇤̃. (7)

Correspondingly the continuity equation for the (1+ 3+
n)-dimensional fluid is follows:

˙̃⇢+

✓
3
ȧ

a
+ n

ṡ

s

◆
⇢̃+ 3

ȧ

a
p̃ext + n

ṡ

s
p̃int = 0. (8)

A. Static internal dimensions

We study a higher dimensional geometric extension of
the ⇤CDM model we assume external space is flat and
internal space is static. For a static internal space, s =
const, it is necessary to simultaneously demand ṡ = s̈ = 0
in the Einstein field equations Eqs. (5)-(7), accordingly,
assuming external space is flat kext = 0, we have the
following set of equations;

3
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+
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2
0

� ⇤̃ = ̃⇢̃, (9)

ȧ
2

a2
+ 2

ä
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2
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� ⇤̃ = �̃p̃ext, (10)
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ȧ
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ä

a
+

1

2
(n� 1)(n� 2)

kint

s
2
0

� ⇤̃ = �̃p̃int, (11)

where the internal space curvature has the same con-
stant contribution to ⇤̃ in (9) and (10) acting exact cos-
mological constant with w = �1 in 1 + 3 dimension for
n 2 N \ {0, 1} as

�̃ = ⇤̃�
n(n� 1)

2

kint

s2

w̃�̃ = {�1,�1,�1,�1 +
2

n
,�1 +

2

n
, ...}

(12)

whereas the contribution of internal space curvature
anisotropies (1 + 3 + n) dimensional cosmological term
with a factor of �1 + 2/n in (11). This is interesting in
that infinite number of higher dimension limit n ! 1,
this factor tends to zero, it approximates cosmological
constant EoS, w ! {�1,�1,�1,�1,�1, ...} and Zel-
dovich (stiff) fluid (p = ⇢) which is the most rigid EoS
compatible with the requirements of relativity [18] re-
quires n > 1.

The similar structure discussed in [17], such that ge-
ometrical terms makes dark energy dynamical and di-
rection dependent, as in the dynamics of the Jordan

2

we can instead use the linearized conservation equation

�̇ + 3(1 + wext)�̇ext + n(1 + wint)�̇int = 0. (7)

which eq. (7) yields

� = C � 3�e �
n

2
�i. (8)

II. THE MODEL

As the theory of gravitation, we consider the extension of the conventional general theory

of relativity with a cosmological constant defined in 4-dimensional spacetime to (1+3+n)–

dimensional spacetime while preserving its mathematical structure;

R̃µ⌫ �
1

2
g̃µ⌫R̃� ⇤̃g̃µ⌫ = ̃T̃µ⌫ . (9)

where the indices µ, ⌫ run through 0, 1, ..., n + 4 and 0 is reserved for the cosmic (proper)

time t. R̃µ⌫ , R̃, and g̃µ⌫ are, respectively, the Ricci tensor, Ricci scalar, and the metric tensor

of the (1 + 3 + n)–dimensional spacetime. Here ̃ = 8⇡G̃ with G̃ being the (1 + 3 + n)–

dimensional gravitational coupling constant and ⇤̃ is a (1+3+n)–dimensional cosmological

constant.

We consider (1 + 3 + n)-dimensional spacetime manifold with product topology

M
1+3+n = R⇥M

3
⇥K

n
, (10)

where R is the manifold of time, M3 is the manifold of 3-dimensional external space that

represents the space we observe and K
n is the manifold of the n-dimensional compact internal

space that may be so small to be observed directly and locally. We define, on this manifold,

a spatially homogenous but not necessarily isotropic (1 + 3 + n)-dimensional synchronous

spacetime metric that involves 3-dimensional external space with constant curvature for M3

and n-dimensional internal space with constant curvature for K
n:

ds
2 = �dt

2+a
2(t) (dx2

1 + dx
2
2 + dx

2
3) + s

2(t)
dy

2
1 + ...+ dy

2
n⇥

1 + kint
4 (y21 + ...+ y2n)

⇤2 . (11)

***************

g̃AB = � dt2 + a
2(t)(dx1

2 + x
2
2 + x

2
3) + s

2(t)(y21 + ...+ y
2
n). (12)

Some theoretical realizations…?

Prevıous attempts satısfyıng negative energy densıtıes

• Brans dıcke extensıon of GR [akarsu, nk, Özdemir, vazquez EPJC 80 (2020) 32, 

1903.06679] 


• Rastall extensıon of gr  [Akarsu,NK, Kumar, Nunes, ozturk, Sharma, EPJC 80, 
1050 (2020). 2004.04074]


• Sımple graduated dark energy and spatial curvature, Acquaviva, akarsu, nk, 
Vazquez, PRD 104, 023505 (2021), 2104.02623
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A schematic illustration of the roles of curvature Rα
βμν , torsion Tα

μν and non-metricity Qαμν


If the space–time contains curvature, 
then the direction of a vector field changes 
when we move it along a closed circle

 In the presence of torsion, 
parallelograms do not close. 

non-metricity changes the norm of vector fields 
transported along a curve

Curvature (Rotation) Torsion (non closing) Non metricity (changing lengths)

Teleparallel gravity  :   Rα
βμν =0, Qαμν =0 and Tα

μν  ≠ 0



TELEPARALLEL DESCRIPTION OF GRAVITY 
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negative energy densities through torsional dark energy.
Even we theoretically explore the uncharted regions of
this model for the case predicting torsional dark energy
featuring phantom behaviour. This model is based on
six parameters like the standard ⇤CDM such that � is
not a free parameter but is determined by the present-
day energy density of matter (⌦m0) in the context of
Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmol-
ogy. The � = 0 case is teleparallel equivalent of general
relativity (TEGR) giving rise to Einstein-de Sitter uni-
verse with ⌦m0 = 1 in cosmological consideration. The
studies so far adhered to the positive power of exponential,
viz., � > 0 case, excluding negative one, and obtained
an e↵ective DE whose density parameter is below the
phantom divide line. However, we show that � < 0 case
conversely generates an e↵ective DE whose energy den-
sity changes sign at a certain redshift. On top of this
interesting feature, we also show that � < 0 is a su�cient
condition to avoid instabilities/ghosts, independently of
the value dynamics of T on any background, whereas
� > 0 is not.

Then we further point out that teleparallel gravity is a
potential candidate for realizing such an AdS-dS transition
through a dark energy component e↵ectively arising from
the extra torsional terms due to f(T ) modification, not
rapidly but in a comparably smooth way. Although not re-
alizing a mirror AdS-dS transition, our findings showcase
the capability of f(T ) gravity on the way to integrating
⇤sCDM into a theoretical framework. The ⇤sCDM model
[50–52] is one of the prominent models of recent times
with its capability to simultaneously resolve the major
cosmological tensions, notably, H0 (Hubble constant), S8

(growth parameter) and MB (Type Ia Supernovae abso-
lute magnitude) tensions along with other less significant
tensions such as the BAO Lyman-↵ discrepancy currently
present in ⇤CDM. Based on the recent conjecture origi-
nated from graduated dark energy (gDE) [38], the model
comprises a rapid transition from an anti-de Sitter (AdS)
vacuum to a de Sitter (dS) vacuum (a mirror AdS-dS
transition) realized by a sign-switching cosmological con-
stant represented as ⇤s = ⇤s0 sgn[z†�z]. Here the signum
function (sgn) can be seen as an idealized description of
a smoother transition occurring at the redshift z† ⇠ 2
on average. It should be mentioned that the abrupt na-
ture of the ⇤s along with its unconventional shift from a
negative value to a positive value emerge as challenging
issues in the achieving of a concrete mechanism under-
lying the ⇤sCDM model from fundamental theories of
physics. Nevertheless, the remarkable successes of this
simple, perhaps the most economical phenomenological
extension of the standard ⇤CDM are quite encouraging
for the search of incorporating this model into a well-
established and predictive theoretical framework. In the
recent literature, there exist some attempts employing
di↵erent frameworks such as the overall sign change of
the metric [58], a stringy model which makes use of the
Casimir forces of fields inhabiting the bulk of the dark di-
mension scenario [59, 60] and type-II minimally modified

gravity [61] (known as VCDM [62, 63]). These di↵erent
attempts may sometimes have di↵erent predictions from
⇤CDM model, e.g. in the early universe of the string
inspired model proposed in [59] neutrino-like species are
predicted, thereby can be observationally distinguished
from others based on their additional predictions.
In this sense, we are saying that f(T ) theories has

capability in this direction, yet due to the absence of
an extra free parameter, it does not leave us room for
the realization of a ⇤sCDM mechanism. Therefore we
further widen the scope of the exploration for viable
cosmologies by including ⇤ to f(T ) function that describes
the exponential infrared teleparallel model and limit the
scope of study in this survey to theoretical discussion on
cosmological tensions. As stated above, for the inclusion
of ⇤, the model serves di↵erent cosmologies depending
on the addition of ⇤ to f(T ). We plan to study the
observational analysis of our theoretical results in future
studies.

II. COSMOLOGY IN TELEPARALLEL
DESCRIPTION OF GRAVITY

A general spacetime is a 4-dimensional di↵erentiable
manifold whose tangent space is, at each point, a
Minkowski spacetime. We introduce four linear indepen-
dent vector fields ea

µ
known as vierbeins/tetrads defined

on this smooth manifold M. Here Greek indices (µ, ⌫, ...)
refer to the general spacetime coordinates, Latin indices
(a, b, ...) refer to the coordinates of tangent space and both
run from 0 to 3 [2, 64]. To obtain a nondegenerate metric,
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where ⌘ab = diag(�1, 1, 1, 1) is the metric tensor of
Minkowski spacetime in Cartesian coordinates.

In teleparallel gravity, the geometry of spacetime is en-
coded in torsion, and requires a connection di↵erent than
that of curvature. Therefore, instead of torsionless Levi-
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eral relativity (GR), see Ref. [65] for details of teleparallel
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negative energy densities through torsional dark energy.
Even we theoretically explore the uncharted regions of
this model for the case predicting torsional dark energy
featuring phantom behaviour. This model is based on
six parameters like the standard ⇤CDM such that � is
not a free parameter but is determined by the present-
day energy density of matter (⌦m0) in the context of
Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmol-
ogy. The � = 0 case is teleparallel equivalent of general
relativity (TEGR) giving rise to Einstein-de Sitter uni-
verse with ⌦m0 = 1 in cosmological consideration. The
studies so far adhered to the positive power of exponential,
viz., � > 0 case, excluding negative one, and obtained
an e↵ective DE whose density parameter is below the
phantom divide line. However, we show that � < 0 case
conversely generates an e↵ective DE whose energy den-
sity changes sign at a certain redshift. On top of this
interesting feature, we also show that � < 0 is a su�cient
condition to avoid instabilities/ghosts, independently of
the value dynamics of T on any background, whereas
� > 0 is not.

Then we further point out that teleparallel gravity is a
potential candidate for realizing such an AdS-dS transition
through a dark energy component e↵ectively arising from
the extra torsional terms due to f(T ) modification, not
rapidly but in a comparably smooth way. Although not re-
alizing a mirror AdS-dS transition, our findings showcase
the capability of f(T ) gravity on the way to integrating
⇤sCDM into a theoretical framework. The ⇤sCDM model
[50–52] is one of the prominent models of recent times
with its capability to simultaneously resolve the major
cosmological tensions, notably, H0 (Hubble constant), S8

(growth parameter) and MB (Type Ia Supernovae abso-
lute magnitude) tensions along with other less significant
tensions such as the BAO Lyman-↵ discrepancy currently
present in ⇤CDM. Based on the recent conjecture origi-
nated from graduated dark energy (gDE) [38], the model
comprises a rapid transition from an anti-de Sitter (AdS)
vacuum to a de Sitter (dS) vacuum (a mirror AdS-dS
transition) realized by a sign-switching cosmological con-
stant represented as ⇤s = ⇤s0 sgn[z†�z]. Here the signum
function (sgn) can be seen as an idealized description of
a smoother transition occurring at the redshift z† ⇠ 2
on average. It should be mentioned that the abrupt na-
ture of the ⇤s along with its unconventional shift from a
negative value to a positive value emerge as challenging
issues in the achieving of a concrete mechanism under-
lying the ⇤sCDM model from fundamental theories of
physics. Nevertheless, the remarkable successes of this
simple, perhaps the most economical phenomenological
extension of the standard ⇤CDM are quite encouraging
for the search of incorporating this model into a well-
established and predictive theoretical framework. In the
recent literature, there exist some attempts employing
di↵erent frameworks such as the overall sign change of
the metric [58], a stringy model which makes use of the
Casimir forces of fields inhabiting the bulk of the dark di-
mension scenario [59, 60] and type-II minimally modified

gravity [61] (known as VCDM [62, 63]). These di↵erent
attempts may sometimes have di↵erent predictions from
⇤CDM model, e.g. in the early universe of the string
inspired model proposed in [59] neutrino-like species are
predicted, thereby can be observationally distinguished
from others based on their additional predictions.
In this sense, we are saying that f(T ) theories has

capability in this direction, yet due to the absence of
an extra free parameter, it does not leave us room for
the realization of a ⇤sCDM mechanism. Therefore we
further widen the scope of the exploration for viable
cosmologies by including ⇤ to f(T ) function that describes
the exponential infrared teleparallel model and limit the
scope of study in this survey to theoretical discussion on
cosmological tensions. As stated above, for the inclusion
of ⇤, the model serves di↵erent cosmologies depending
on the addition of ⇤ to f(T ). We plan to study the
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negative energy densities through torsional dark energy.
Even we theoretically explore the uncharted regions of
this model for the case predicting torsional dark energy
featuring phantom behaviour. This model is based on
six parameters like the standard ⇤CDM such that � is
not a free parameter but is determined by the present-
day energy density of matter (⌦m0) in the context of
Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmol-
ogy. The � = 0 case is teleparallel equivalent of general
relativity (TEGR) giving rise to Einstein-de Sitter uni-
verse with ⌦m0 = 1 in cosmological consideration. The
studies so far adhered to the positive power of exponential,
viz., � > 0 case, excluding negative one, and obtained
an e↵ective DE whose density parameter is below the
phantom divide line. However, we show that � < 0 case
conversely generates an e↵ective DE whose energy den-
sity changes sign at a certain redshift. On top of this
interesting feature, we also show that � < 0 is a su�cient
condition to avoid instabilities/ghosts, independently of
the value dynamics of T on any background, whereas
� > 0 is not.

Then we further point out that teleparallel gravity is a
potential candidate for realizing such an AdS-dS transition
through a dark energy component e↵ectively arising from
the extra torsional terms due to f(T ) modification, not
rapidly but in a comparably smooth way. Although not re-
alizing a mirror AdS-dS transition, our findings showcase
the capability of f(T ) gravity on the way to integrating
⇤sCDM into a theoretical framework. The ⇤sCDM model
[50–52] is one of the prominent models of recent times
with its capability to simultaneously resolve the major
cosmological tensions, notably, H0 (Hubble constant), S8

(growth parameter) and MB (Type Ia Supernovae abso-
lute magnitude) tensions along with other less significant
tensions such as the BAO Lyman-↵ discrepancy currently
present in ⇤CDM. Based on the recent conjecture origi-
nated from graduated dark energy (gDE) [38], the model
comprises a rapid transition from an anti-de Sitter (AdS)
vacuum to a de Sitter (dS) vacuum (a mirror AdS-dS
transition) realized by a sign-switching cosmological con-
stant represented as ⇤s = ⇤s0 sgn[z†�z]. Here the signum
function (sgn) can be seen as an idealized description of
a smoother transition occurring at the redshift z† ⇠ 2
on average. It should be mentioned that the abrupt na-
ture of the ⇤s along with its unconventional shift from a
negative value to a positive value emerge as challenging
issues in the achieving of a concrete mechanism under-
lying the ⇤sCDM model from fundamental theories of
physics. Nevertheless, the remarkable successes of this
simple, perhaps the most economical phenomenological
extension of the standard ⇤CDM are quite encouraging
for the search of incorporating this model into a well-
established and predictive theoretical framework. In the
recent literature, there exist some attempts employing
di↵erent frameworks such as the overall sign change of
the metric [58], a stringy model which makes use of the
Casimir forces of fields inhabiting the bulk of the dark di-
mension scenario [59, 60] and type-II minimally modified

gravity [61] (known as VCDM [62, 63]). These di↵erent
attempts may sometimes have di↵erent predictions from
⇤CDM model, e.g. in the early universe of the string
inspired model proposed in [59] neutrino-like species are
predicted, thereby can be observationally distinguished
from others based on their additional predictions.
In this sense, we are saying that f(T ) theories has

capability in this direction, yet due to the absence of
an extra free parameter, it does not leave us room for
the realization of a ⇤sCDM mechanism. Therefore we
further widen the scope of the exploration for viable
cosmologies by including ⇤ to f(T ) function that describes
the exponential infrared teleparallel model and limit the
scope of study in this survey to theoretical discussion on
cosmological tensions. As stated above, for the inclusion
of ⇤, the model serves di↵erent cosmologies depending
on the addition of ⇤ to f(T ). We plan to study the
observational analysis of our theoretical results in future
studies.

II. COSMOLOGY IN TELEPARALLEL
DESCRIPTION OF GRAVITY

A general spacetime is a 4-dimensional di↵erentiable
manifold whose tangent space is, at each point, a
Minkowski spacetime. We introduce four linear indepen-
dent vector fields ea

µ
known as vierbeins/tetrads defined

on this smooth manifold M. Here Greek indices (µ, ⌫, ...)
refer to the general spacetime coordinates, Latin indices
(a, b, ...) refer to the coordinates of tangent space and both
run from 0 to 3 [2, 64]. To obtain a nondegenerate metric,
the vierbeins should satisfy the orthonormality conditions:
eµ
a
ea
⌫
= �µ

⌫
and eµ

a
eb
µ
= �b

a
. Then, the Lorentzian metric

tensor of the spacetime can be written as

gµ⌫ = ⌘abe
a

µ
eb

⌫
, (1)

where ⌘ab = diag(�1, 1, 1, 1) is the metric tensor of
Minkowski spacetime in Cartesian coordinates.

In teleparallel gravity, the geometry of spacetime is en-
coded in torsion, and requires a connection di↵erent than
that of curvature. Therefore, instead of torsionless Levi-
Civita connection, we utilize curvatureless Weitzenböck
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negative energy densities through torsional dark energy.
Even we theoretically explore the uncharted regions of
this model for the case predicting torsional dark energy
featuring phantom behaviour. This model is based on
six parameters like the standard ⇤CDM such that � is
not a free parameter but is determined by the present-
day energy density of matter (⌦m0) in the context of
Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmol-
ogy. The � = 0 case is teleparallel equivalent of general
relativity (TEGR) giving rise to Einstein-de Sitter uni-
verse with ⌦m0 = 1 in cosmological consideration. The
studies so far adhered to the positive power of exponential,
viz., � > 0 case, excluding negative one, and obtained
an e↵ective DE whose density parameter is below the
phantom divide line. However, we show that � < 0 case
conversely generates an e↵ective DE whose energy den-
sity changes sign at a certain redshift. On top of this
interesting feature, we also show that � < 0 is a su�cient
condition to avoid instabilities/ghosts, independently of
the value dynamics of T on any background, whereas
� > 0 is not.

Then we further point out that teleparallel gravity is a
potential candidate for realizing such an AdS-dS transition
through a dark energy component e↵ectively arising from
the extra torsional terms due to f(T ) modification, not
rapidly but in a comparably smooth way. Although not re-
alizing a mirror AdS-dS transition, our findings showcase
the capability of f(T ) gravity on the way to integrating
⇤sCDM into a theoretical framework. The ⇤sCDM model
[50–52] is one of the prominent models of recent times
with its capability to simultaneously resolve the major
cosmological tensions, notably, H0 (Hubble constant), S8

(growth parameter) and MB (Type Ia Supernovae abso-
lute magnitude) tensions along with other less significant
tensions such as the BAO Lyman-↵ discrepancy currently
present in ⇤CDM. Based on the recent conjecture origi-
nated from graduated dark energy (gDE) [38], the model
comprises a rapid transition from an anti-de Sitter (AdS)
vacuum to a de Sitter (dS) vacuum (a mirror AdS-dS
transition) realized by a sign-switching cosmological con-
stant represented as ⇤s = ⇤s0 sgn[z†�z]. Here the signum
function (sgn) can be seen as an idealized description of
a smoother transition occurring at the redshift z† ⇠ 2
on average. It should be mentioned that the abrupt na-
ture of the ⇤s along with its unconventional shift from a
negative value to a positive value emerge as challenging
issues in the achieving of a concrete mechanism under-
lying the ⇤sCDM model from fundamental theories of
physics. Nevertheless, the remarkable successes of this
simple, perhaps the most economical phenomenological
extension of the standard ⇤CDM are quite encouraging
for the search of incorporating this model into a well-
established and predictive theoretical framework. In the
recent literature, there exist some attempts employing
di↵erent frameworks such as the overall sign change of
the metric [58], a stringy model which makes use of the
Casimir forces of fields inhabiting the bulk of the dark di-
mension scenario [59, 60] and type-II minimally modified

gravity [61] (known as VCDM [62, 63]). These di↵erent
attempts may sometimes have di↵erent predictions from
⇤CDM model, e.g. in the early universe of the string
inspired model proposed in [59] neutrino-like species are
predicted, thereby can be observationally distinguished
from others based on their additional predictions.
In this sense, we are saying that f(T ) theories has

capability in this direction, yet due to the absence of
an extra free parameter, it does not leave us room for
the realization of a ⇤sCDM mechanism. Therefore we
further widen the scope of the exploration for viable
cosmologies by including ⇤ to f(T ) function that describes
the exponential infrared teleparallel model and limit the
scope of study in this survey to theoretical discussion on
cosmological tensions. As stated above, for the inclusion
of ⇤, the model serves di↵erent cosmologies depending
on the addition of ⇤ to f(T ). We plan to study the
observational analysis of our theoretical results in future
studies.
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Even we theoretically explore the uncharted regions of
this model for the case predicting torsional dark energy
featuring phantom behaviour. This model is based on
six parameters like the standard ⇤CDM such that � is
not a free parameter but is determined by the present-
day energy density of matter (⌦m0) in the context of
Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmol-
ogy. The � = 0 case is teleparallel equivalent of general
relativity (TEGR) giving rise to Einstein-de Sitter uni-
verse with ⌦m0 = 1 in cosmological consideration. The
studies so far adhered to the positive power of exponential,
viz., � > 0 case, excluding negative one, and obtained
an e↵ective DE whose density parameter is below the
phantom divide line. However, we show that � < 0 case
conversely generates an e↵ective DE whose energy den-
sity changes sign at a certain redshift. On top of this
interesting feature, we also show that � < 0 is a su�cient
condition to avoid instabilities/ghosts, independently of
the value dynamics of T on any background, whereas
� > 0 is not.

Then we further point out that teleparallel gravity is a
potential candidate for realizing such an AdS-dS transition
through a dark energy component e↵ectively arising from
the extra torsional terms due to f(T ) modification, not
rapidly but in a comparably smooth way. Although not re-
alizing a mirror AdS-dS transition, our findings showcase
the capability of f(T ) gravity on the way to integrating
⇤sCDM into a theoretical framework. The ⇤sCDM model
[50–52] is one of the prominent models of recent times
with its capability to simultaneously resolve the major
cosmological tensions, notably, H0 (Hubble constant), S8
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lute magnitude) tensions along with other less significant
tensions such as the BAO Lyman-↵ discrepancy currently
present in ⇤CDM. Based on the recent conjecture origi-
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stant represented as ⇤s = ⇤s0 sgn[z†�z]. Here the signum
function (sgn) can be seen as an idealized description of
a smoother transition occurring at the redshift z† ⇠ 2
on average. It should be mentioned that the abrupt na-
ture of the ⇤s along with its unconventional shift from a
negative value to a positive value emerge as challenging
issues in the achieving of a concrete mechanism under-
lying the ⇤sCDM model from fundamental theories of
physics. Nevertheless, the remarkable successes of this
simple, perhaps the most economical phenomenological
extension of the standard ⇤CDM are quite encouraging
for the search of incorporating this model into a well-
established and predictive theoretical framework. In the
recent literature, there exist some attempts employing
di↵erent frameworks such as the overall sign change of
the metric [58], a stringy model which makes use of the
Casimir forces of fields inhabiting the bulk of the dark di-
mension scenario [59, 60] and type-II minimally modified
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on this smooth manifold M. Here Greek indices (µ, ⌫, ...)
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gravity and general metric-a�ne models. Then, we define
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Consequently, the action of the f(T ) gravity reads [3]
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p
�g with g being the determinant of

gµ⌫ ,  = 8⇡GN with GN being the Newton’s constant,
and Lm is the Lagrangian density of material fields. Here
and throughout the paper, we work in units such that the
speed of light equals unity, c = 1. The variation of the
action (6) with respect to the vierbeins gives rise to the
following field equations
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which obeys the local conservation law according to the
Bianchi identity [3]. We note that the special case f(T ) =
T reduces to teleparallel equivalent of general relativity
(TEGR).

In this study, we investigate the cosmological appli-
cations of f(T ) gravity. For this reason, we proceed by
assuming the following vierbeins

e a

µ
= diag(1, a(t), a(t), a(t)), (9)

which leads to the Robertson-Walker spacetime metric
with flat spacelike sections:

ds2 =� dt2 + a(t)2
�
dx2 + dy2 + dz2

�
, (10)

where a(t) is the scale factor and t is the cosmic time.
Substituting Eq. (9) into Eq. (5) with (3), we obtain the
torsion scalar as follows:

T = 6H2, (11)

where H = ȧ

a
is the Hubble parameter. We suppose all

types of matter distributions (viz., the usual cosmological

sources such as radiation, baryons, etc.) are perfect fluids
with no peculiar velocities, described by the (EMT) of the
form ⇥ ⌫

µ
= diag[�⇢, p, p, p] where ⇢ and p are the energy

density and pressure, respectively. Accordingly, utilizing
Eqs. (9) and (11) in Eq. (7) along with the definitions
above, the modified Friedmann equations for an arbitrary
function of torsion scalar, viz., f(T ), read
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2
(T + f � 2TfT ) = ⇢, (12)

�2Ḣ � 3H2 � 1

2
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where fT = df
dT and fTT = d2

f

dT 2 . Having presented the
necessary background briefly, we shall now examine a
specific model of f(T ) gravity in the context of isotropic
cosmology.

III. EXPONENTIAL INFRARED
TELEPARALLEL COSMOLOGY

In this work, we consider a particular model proposed
in Ref. [9] described by the choice of

f(T ) = Te�T0/T , (14)

where � is a dimensionless constant and T0 is the present-
day value of the torsion scalar. Given that the (pressure-
less) matter obeys, as in GR, the local energy-momentum
conservation law [3], viz., ⇢̇m + 3H⇢m = 0, substituting
Eq. (14) into Eq. (12) along with the relation (11), we
obtain the following independent Friedmann equation and
the constraint equation:
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= ⌦m0(�) (1 + z)3, (15)

⌦m0(�) = (1� 2�)e� , (16)

where ⌦m0 = ⇢m0/(3H2
0 )—the density parameter is de-

fined as ⌦ = ⇢/⇢cr with ⇢cr = 3H2/ being the critical
energy density of the Universe, the redshift is defined from
the scale factor as z = a0/a� 1 with a0 being the today
value of the scale factor. Here and hereafter, a subscript 0
attached to any quantity denotes its present-day (i.e., at
z = 0) value. Note that Eq. (16) is obtained by applying
H(z = 0) = H0 condition to Eq. (15).

It should be noted first that it is not possible to isolate
H in Eq. (15), and hence, we are not able to give an ex-
plicit exact solution for H(z). Although there are various
reconstruction methods [66, 67] exposing the explicit Hub-
ble parameter of several f(T ) models, they still do not
provide an equivalent response. Yet, recasting Eq. (15)
with the constraint (16), we can extract the redshift as a
function of the Hubble parameter as follows:
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�
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�2Ḣ � 3H2 � 1

2

✓
TfT � f � 2T 2fTT

fT + 2TfTT

◆
= p, (13)

where fT = df
dT and fTT = d2

f

dT 2 . Having presented the
necessary background briefly, we shall now examine a
specific model of f(T ) gravity in the context of isotropic
cosmology.

III. EXPONENTIAL INFRARED
TELEPARALLEL COSMOLOGY

In this work, we consider a particular model proposed
in Ref. [9] described by the choice of

f(T ) = Te�T0/T , (14)

where � is a dimensionless constant and T0 is the present-
day value of the torsion scalar. Given that the (pressure-
less) matter obeys, as in GR, the local energy-momentum
conservation law [3], viz., ⇢̇m + 3H⇢m = 0, substituting
Eq. (14) into Eq. (12) along with the relation (11), we
obtain the following independent Friedmann equation and
the constraint equation:

✓
H2

H2
0

� 2�

◆
e�H

2
0/H

2

= ⌦m0(�) (1 + z)3, (15)

⌦m0(�) = (1� 2�)e� , (16)

where ⌦m0 = ⇢m0/(3H2
0 )—the density parameter is de-

fined as ⌦ = ⇢/⇢cr with ⇢cr = 3H2/ being the critical
energy density of the Universe, the redshift is defined from
the scale factor as z = a0/a� 1 with a0 being the today
value of the scale factor. Here and hereafter, a subscript 0
attached to any quantity denotes its present-day (i.e., at
z = 0) value. Note that Eq. (16) is obtained by applying
H(z = 0) = H0 condition to Eq. (15).

It should be noted first that it is not possible to isolate
H in Eq. (15), and hence, we are not able to give an ex-
plicit exact solution for H(z). Although there are various
reconstruction methods [66, 67] exposing the explicit Hub-
ble parameter of several f(T ) models, they still do not
provide an equivalent response. Yet, recasting Eq. (15)
with the constraint (16), we can extract the redshift as a
function of the Hubble parameter as follows:

z(H) = e
�
3 (H2

0/H
2�1)


H2/H2

0 � 2�

1� 2�

�1/3
� 1, (17)

Teleparallel Gravity: From Theory to Cosmology

Bahamonde et.al Rep. Prog. Phys. 86 026901 (2023)

2106.13793



f(T) gravity and cosmology
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a
is the Hubble parameter. We suppose all

types of matter distributions (viz., the usual cosmological

sources such as radiation, baryons, etc.) are perfect fluids
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(Weitzenböck invariant), viz., T = S µ⌫

�
T �

µ⌫
, which can

also be expressed as

T =
1

4
T �

µ⌫
T µ⌫

�
+

1

2
T �

µ⌫
T ⌫µ

�
� T �

µ�
T ⌫µ

⌫
. (5)

Consequently, the action of the f(T ) gravity reads [3]

S =

Z
d4x det(ea

µ
)


1

2
f(T ) + Lm

�
, (6)

where det(ea
µ
) =

p
�g with g being the determinant of

gµ⌫ ,  = 8⇡GN with GN being the Newton’s constant,
and Lm is the Lagrangian density of material fields. Here
and throughout the paper, we work in units such that the
speed of light equals unity, c = 1. The variation of the
action (6) with respect to the vierbeins gives rise to the
following field equations

1

det(eb
�
)
fT@µ

⇥
det(eb

�
)e�

a
S µ⌫

�

⇤
+ fTT e

�

a
S µ⌫

�
@µT

� fT e
�

a
T �

µ�
S ⌫µ

�
+

1

4
fe⌫

a
=

1

2
e�

a
⇥ ⌫

�
,

(7)

where ⇥ ⌫

µ
is the energy-momentum tensor (EMT) defined

by

⇥ ⌫

µ
= ea

µ


� 1

det(eb
�
)

�Lm

�ea
⌫

�
, (8)

which obeys the local conservation law according to the
Bianchi identity [3]. We note that the special case f(T ) =
T reduces to teleparallel equivalent of general relativity
(TEGR).

In this study, we investigate the cosmological appli-
cations of f(T ) gravity. For this reason, we proceed by
assuming the following vierbeins

e a

µ
= diag(1, a(t), a(t), a(t)), (9)

which leads to the Robertson-Walker spacetime metric
with flat spacelike sections:

ds2 =� dt2 + a(t)2
�
dx2 + dy2 + dz2

�
, (10)

where a(t) is the scale factor and t is the cosmic time.
Substituting Eq. (9) into Eq. (5) with (3), we obtain the
torsion scalar as follows:

T = 6H2, (11)

where H = ȧ
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(Weitzenböck invariant), viz., T = S µ⌫

�
T �

µ⌫
, which can

also be expressed as

T =
1

4
T �

µ⌫
T µ⌫

�
+

1

2
T �

µ⌫
T ⌫µ

�
� T �

µ�
T ⌫µ

⌫
. (5)

Consequently, the action of the f(T ) gravity reads [3]

S =

Z
d4x det(ea

µ
)


1

2
f(T ) + Lm

�
, (6)

where det(ea
µ
) =

p
�g with g being the determinant of

gµ⌫ ,  = 8⇡GN with GN being the Newton’s constant,
and Lm is the Lagrangian density of material fields. Here
and throughout the paper, we work in units such that the
speed of light equals unity, c = 1. The variation of the
action (6) with respect to the vierbeins gives rise to the
following field equations

1

det(eb
�
)
fT@µ

⇥
det(eb

�
)e�

a
S µ⌫

�

⇤
+ fTT e

�

a
S µ⌫

�
@µT

� fT e
�

a
T �

µ�
S ⌫µ

�
+

1

4
fe⌫

a
=

1

2
e�

a
⇥ ⌫

�
,

(7)

where ⇥ ⌫

µ
is the energy-momentum tensor (EMT) defined

by

⇥ ⌫

µ
= ea

µ


� 1

det(eb
�
)

�Lm

�ea
⌫

�
, (8)

which obeys the local conservation law according to the
Bianchi identity [3]. We note that the special case f(T ) =
T reduces to teleparallel equivalent of general relativity
(TEGR).

In this study, we investigate the cosmological appli-
cations of f(T ) gravity. For this reason, we proceed by
assuming the following vierbeins

e a

µ
= diag(1, a(t), a(t), a(t)), (9)

which leads to the Robertson-Walker spacetime metric
with flat spacelike sections:

ds2 =� dt2 + a(t)2
�
dx2 + dy2 + dz2

�
, (10)

where a(t) is the scale factor and t is the cosmic time.
Substituting Eq. (9) into Eq. (5) with (3), we obtain the
torsion scalar as follows:

T = 6H2, (11)

where H = ȧ
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�2Ḣ � 3H2 � 1

2

✓
TfT � f � 2T 2fTT

fT + 2TfTT

◆
= p, (13)

where fT = df
dT and fTT = d2

f

dT 2 . Having presented the
necessary background briefly, we shall now examine a
specific model of f(T ) gravity in the context of isotropic
cosmology.

III. EXPONENTIAL INFRARED
TELEPARALLEL COSMOLOGY

In this work, we consider a particular model proposed
in Ref. [9] described by the choice of

f(T ) = Te�T0/T , (14)

where � is a dimensionless constant and T0 is the present-
day value of the torsion scalar. Given that the (pressure-
less) matter obeys, as in GR, the local energy-momentum
conservation law [3], viz., ⇢̇m + 3H⇢m = 0, substituting
Eq. (14) into Eq. (12) along with the relation (11), we
obtain the following independent Friedmann equation and
the constraint equation:

✓
H2

H2
0

� 2�

◆
e�H

2
0/H

2

= ⌦m0(�) (1 + z)3, (15)

⌦m0(�) = (1� 2�)e� , (16)

where ⌦m0 = ⇢m0/(3H2
0 )—the density parameter is de-

fined as ⌦ = ⇢/⇢cr with ⇢cr = 3H2/ being the critical
energy density of the Universe, the redshift is defined from
the scale factor as z = a0/a� 1 with a0 being the today
value of the scale factor. Here and hereafter, a subscript 0
attached to any quantity denotes its present-day (i.e., at
z = 0) value. Note that Eq. (16) is obtained by applying
H(z = 0) = H0 condition to Eq. (15).

It should be noted first that it is not possible to isolate
H in Eq. (15), and hence, we are not able to give an ex-
plicit exact solution for H(z). Although there are various
reconstruction methods [66, 67] exposing the explicit Hub-
ble parameter of several f(T ) models, they still do not
provide an equivalent response. Yet, recasting Eq. (15)
with the constraint (16), we can extract the redshift as a
function of the Hubble parameter as follows:

z(H) = e
�
3 (H2

0/H
2�1)


H2/H2

0 � 2�

1� 2�

�1/3
� 1, (17)

3

gravity and general metric-a�ne models. Then, we define
the spacetime-indexed superpotential tensor as

S µ⌫

�
=

1

4
(T ⌫µ

�
+ T µ⌫

�
� Tµ⌫

�
)+

1

2

⇣
�µ
�
T�⌫

�
� �⌫

�
T�µ

�

⌘
,

(4)
which is skew symmetric in the last pair of indices. Con-
tracting it with the torsion tensor yields the torsion scalar
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where � is a dimensionless constant and T0 is the present-
day value of the torsion scalar. Given that the (pressure-
less) matter obeys, as in GR, the local energy-momentum
conservation law [3], viz., ⇢̇m + 3H⇢m = 0, substituting
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z = 0) value. Note that Eq. (16) is obtained by applying
H(z = 0) = H0 condition to Eq. (15).

It should be noted first that it is not possible to isolate
H in Eq. (15), and hence, we are not able to give an ex-
plicit exact solution for H(z). Although there are various
reconstruction methods [66, 67] exposing the explicit Hub-
ble parameter of several f(T ) models, they still do not
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which obeys the local conservation law according to the
Bianchi identity [3]. We note that the special case f(T ) =
T reduces to teleparallel equivalent of general relativity
(TEGR).

In this study, we investigate the cosmological appli-
cations of f(T ) gravity. For this reason, we proceed by
assuming the following vierbeins
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sources such as radiation, baryons, etc.) are perfect fluids
with no peculiar velocities, described by the (EMT) of the
form ⇥ ⌫

µ
= diag[�⇢, p, p, p] where ⇢ and p are the energy

density and pressure, respectively. Accordingly, utilizing
Eqs. (9) and (11) in Eq. (7) along with the definitions
above, the modified Friedmann equations for an arbitrary
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where fT = df
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dT 2 . Having presented the
necessary background briefly, we shall now examine a
specific model of f(T ) gravity in the context of isotropic
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In this work, we consider a particular model proposed
in Ref. [9] described by the choice of

f(T ) = Te�T0/T , (14)

where � is a dimensionless constant and T0 is the present-
day value of the torsion scalar. Given that the (pressure-
less) matter obeys, as in GR, the local energy-momentum
conservation law [3], viz., ⇢̇m + 3H⇢m = 0, substituting
Eq. (14) into Eq. (12) along with the relation (11), we
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a
is the Hubble parameter. We suppose all

types of matter distributions (viz., the usual cosmological

sources such as radiation, baryons, etc.) are perfect fluids
with no peculiar velocities, described by the (EMT) of the
form ⇥ ⌫

µ
= diag[�⇢, p, p, p] where ⇢ and p are the energy

density and pressure, respectively. Accordingly, utilizing
Eqs. (9) and (11) in Eq. (7) along with the definitions
above, the modified Friedmann equations for an arbitrary
function of torsion scalar, viz., f(T ), read

3H2 � 1

2
(T + f � 2TfT ) = ⇢, (12)
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�2Ḣ � 3H2 � 1

2

✓
TfT � f � 2T 2fTT

fT + 2TfTT

◆
= p, (13)

where fT = df
dT and fTT = d2

f

dT 2 . Having presented the
necessary background briefly, we shall now examine a
specific model of f(T ) gravity in the context of isotropic
cosmology.

III. EXPONENTIAL INFRARED
TELEPARALLEL COSMOLOGY

In this work, we consider a particular model proposed
in Ref. [9] described by the choice of

f(T ) = Te�T0/T , (14)

where � is a dimensionless constant and T0 is the present-
day value of the torsion scalar. Given that the (pressure-
less) matter obeys, as in GR, the local energy-momentum
conservation law [3], viz., ⇢̇m + 3H⇢m = 0, substituting
Eq. (14) into Eq. (12) along with the relation (11), we
obtain the following independent Friedmann equation and
the constraint equation:

✓
H2

H2
0

� 2�

◆
e�H

2
0/H

2

= ⌦m0(�) (1 + z)3, (15)

⌦m0(�) = (1� 2�)e� , (16)

where ⌦m0 = ⇢m0/(3H2
0 )—the density parameter is de-

fined as ⌦ = ⇢/⇢cr with ⇢cr = 3H2/ being the critical
energy density of the Universe, the redshift is defined from
the scale factor as z = a0/a� 1 with a0 being the today
value of the scale factor. Here and hereafter, a subscript 0
attached to any quantity denotes its present-day (i.e., at
z = 0) value. Note that Eq. (16) is obtained by applying
H(z = 0) = H0 condition to Eq. (15).

It should be noted first that it is not possible to isolate
H in Eq. (15), and hence, we are not able to give an ex-
plicit exact solution for H(z). Although there are various
reconstruction methods [66, 67] exposing the explicit Hub-
ble parameter of several f(T ) models, they still do not
provide an equivalent response. Yet, recasting Eq. (15)
with the constraint (16), we can extract the redshift as a
function of the Hubble parameter as follows:

z(H) = e
�
3 (H2

0/H
2�1)


H2/H2

0 � 2�

1� 2�

�1/3
� 1, (17)

5

implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.

Point II
�
� = 0 ! ⌦m0 = 1

�
: Purple square marker

and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.

Region III
�
� 1/2 < � < 0

�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/

p
e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).

Region IV
�
� < �1/2

�
: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)

= e�H
2
0/H

2 �
1� �H2

0/H
2
�
, (21)

where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have

3
For instance, one can see that the Ricci scalar built out of the

metric gµ⌫ also tends to vanish in this Minkowski limit. This is

because this invariant (as well as other invariants made out of the

metric tensor) includes terms of (1 + z) dH/dz or, equivalently

dH/dN , which remain finite (together with the higher derivatives

d
2
H/dN 2

, etc.).
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implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.

Point II
�
� = 0 ! ⌦m0 = 1

�
: Purple square marker

and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.
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�
� 1/2 < � < 0

�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/

p
e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).
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�
� < �1/2

�
: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)
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where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have

3
For instance, one can see that the Ricci scalar built out of the

metric gµ⌫ also tends to vanish in this Minkowski limit. This is
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FIG. 1. ⌦m0 vs. � plotted by using Eq. (16). The curve is
separated into four regions: The dotted orange part (Region I)
is the new region that covers negative values of the present-day
density parameter of matter, i.e., ⌦m0 < 0. The solid orange
part (Region II) is the widely studied region [9, 11, 12], which
corresponds to 0 < ⌦m0 < 1, due to that reasonable ⌦m0

values from observational point of view shown by the wheat
band lie in this region. The dot-dashed orange curve (Region
III) is another new region leading to ⌦m0 values larger than
unity. The solid blue curve (Region IV) is an overlooked region
in the literature even though the observationally reasonable
⌦m0 values can be obtained in this region as well. Some special
points are (� = �1/2,⌦m0 = 2/

p
e = 1.21306) represented

by black diamond, (� ! �1,⌦m0 ! 0) by blue triangle,
(� = 1/2,⌦m0 = 0) by green circle and (� = 0,⌦m0 = 1) by
purple square.

provided that � 6= 1/2. And, using the derivative of
Eq. (17) with respect to H, we obtain another important
relation given by

dH

dN = �(1 + z)
dH

dz
,

= �3

2

H3 (H2 � 2�H2
0 )

H4 � �H2H2
0 + 2�2H4

0

, (18)

where N ⌘ ln(a/a0) is the e-fold variable. Note that the
denominator in Eq. (18) never vanishes for any real value
of � or H/H0.2

We also calculate the deceleration parameter, q ⌘ �1�
1
H

dH
dN , as follows:

q = �1 +
3

2

1� 2�H2
0/H

2

1� �H2
0/H

2 + 2�2H4
0/H

4
, (19)

2
When the denominator in Eq. (18) is set to zero, it becomes

a quadratic equation with the redefinition of the variable as

x ⌘ H
2
/H

2
0 . Then, for real values of �, this equation always

has a negative discriminant, � = �7�
2
, implying two complex

(nonreal) roots which can not be the solutions of H
2
/H

2
0 . Hence,

Eq. (18) is safe from singularity.
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FIG. 2. Top panel: H(z)/H0 vs. 1 + z, Bottom panel:
The deceleration parameter q(z) vs. 1 + z for some � values
chosen according to the regions presented in Fig 1. Colors are
in agreement with those used in Fig. 1.

where for � = 0, we obtain q = 1/2, which is the decelera-
tion parameter of matter dominated TEGR corresponding
to Einstein-de Sitter Universe as there is no bare cosmo-
logical constant introduced, see the straight purple line
in the bottom panel of Fig. 2.

A. New solution regions along with the known
regions

It is deduced from Eq. (15) that the theory will exhibit
di↵erent behaviors depending on di↵erent � parameters.
The values that � can take might be categorized into
the following regions and special points, which are also
illustrated in Fig. 1:

Region I
�
� > 1/2

�
: This case constrains the mat-

ter energy density to negative values as it requires
⌦m0 < 0 from Eq. (16) and is represented by the
dotted orange curve in Fig. 1. It is seen from the left
panel of this figure that in � ! 1 limit, the present-
time matter density parameter approaches minus
infinity, i.e., ⌦m0 ! �1. In this region, Eq. (15)
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implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.

Point II
�
� = 0 ! ⌦m0 = 1

�
: Purple square marker

and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.

Region III
�
� 1/2 < � < 0

�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/

p
e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).

Region IV
�
� < �1/2

�
: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)

= e�H
2
0/H

2 �
1� �H2

0/H
2
�
, (21)

where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have

3
For instance, one can see that the Ricci scalar built out of the

metric gµ⌫ also tends to vanish in this Minkowski limit. This is

because this invariant (as well as other invariants made out of the

metric tensor) includes terms of (1 + z) dH/dz or, equivalently

dH/dN , which remain finite (together with the higher derivatives

d
2
H/dN 2

, etc.).
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implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.

Point II
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� = 0 ! ⌦m0 = 1

�
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and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.

Region III
�
� 1/2 < � < 0

�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/

p
e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/
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e, viz., corresponds to the
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e), and shown by the black dia-
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: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)

= e�H
2
0/H
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where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have
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implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.
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�
0 < � < 1/2
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: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
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and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.
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day density parameter of matter lies within the
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day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).

Region IV
�
� < �1/2

�
: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
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Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
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reads
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that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from
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tive of the evolution of Hubble parameter. For the Point
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FIG. 1. ⌦m0 vs. � plotted by using Eq. (16). The curve is
separated into four regions: The dotted orange part (Region I)
is the new region that covers negative values of the present-day
density parameter of matter, i.e., ⌦m0 < 0. The solid orange
part (Region II) is the widely studied region [9, 11, 12], which
corresponds to 0 < ⌦m0 < 1, due to that reasonable ⌦m0

values from observational point of view shown by the wheat
band lie in this region. The dot-dashed orange curve (Region
III) is another new region leading to ⌦m0 values larger than
unity. The solid blue curve (Region IV) is an overlooked region
in the literature even though the observationally reasonable
⌦m0 values can be obtained in this region as well. Some special
points are (� = �1/2,⌦m0 = 2/

p
e = 1.21306) represented

by black diamond, (� ! �1,⌦m0 ! 0) by blue triangle,
(� = 1/2,⌦m0 = 0) by green circle and (� = 0,⌦m0 = 1) by
purple square.

provided that � 6= 1/2. And, using the derivative of
Eq. (17) with respect to H, we obtain another important
relation given by

dH

dN = �(1 + z)
dH

dz
,

= �3
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H3 (H2 � 2�H2
0 )

H4 � �H2H2
0 + 2�2H4

0

, (18)

where N ⌘ ln(a/a0) is the e-fold variable. Note that the
denominator in Eq. (18) never vanishes for any real value
of � or H/H0.2

We also calculate the deceleration parameter, q ⌘ �1�
1
H

dH
dN , as follows:

q = �1 +
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1� 2�H2
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When the denominator in Eq. (18) is set to zero, it becomes

a quadratic equation with the redefinition of the variable as

x ⌘ H
2
/H

2
0 . Then, for real values of �, this equation always

has a negative discriminant, � = �7�
2
, implying two complex

(nonreal) roots which can not be the solutions of H
2
/H

2
0 . Hence,

Eq. (18) is safe from singularity.

FIG. 2. Top panel: H(z)/H0 vs. 1 + z, Bottom panel:
The deceleration parameter q(z) vs. 1 + z for some � values
chosen according to the regions presented in Fig 1. Colors are
in agreement with those used in Fig. 1.

where for � = 0, we obtain q = 1/2, which is the decelera-
tion parameter of matter dominated TEGR corresponding
to Einstein-de Sitter Universe as there is no bare cosmo-
logical constant introduced, see the straight purple line
in the bottom panel of Fig. 2.

A. New solution regions along with the known
regions

It is deduced from Eq. (15) that the theory will exhibit
di↵erent behaviors depending on di↵erent � parameters.
The values that � can take might be categorized into
the following regions and special points, which are also
illustrated in Fig. 1:

Region I
�
� > 1/2

�
: This case constrains the mat-

ter energy density to negative values as it requires
⌦m0 < 0 from Eq. (16) and is represented by the
dotted orange curve in Fig. 1. It is seen from the left
panel of this figure that in � ! 1 limit, the present-
time matter density parameter approaches minus
infinity, i.e., ⌦m0 ! �1. In this region, Eq. (15)
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gravity and general metric-a�ne models. Then, we define
the spacetime-indexed superpotential tensor as

S µ⌫

�
=

1

4
(T ⌫µ

�
+ T µ⌫

�
� Tµ⌫

�
)+

1
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⇣
�µ
�
T�⌫

�
� �⌫

�
T�µ

�

⌘
,

(4)
which is skew symmetric in the last pair of indices. Con-
tracting it with the torsion tensor yields the torsion scalar
(Weitzenböck invariant), viz., T = S µ⌫

�
T �

µ⌫
, which can

also be expressed as

T =
1

4
T �

µ⌫
T µ⌫

�
+

1

2
T �

µ⌫
T ⌫µ

�
� T �

µ�
T ⌫µ

⌫
. (5)

Consequently, the action of the f(T ) gravity reads [3]

S =

Z
d4x det(ea

µ
)


1

2
f(T ) + Lm

�
, (6)

where det(ea
µ
) =

p
�g with g being the determinant of

gµ⌫ ,  = 8⇡GN with GN being the Newton’s constant,
and Lm is the Lagrangian density of material fields. Here
and throughout the paper, we work in units such that the
speed of light equals unity, c = 1. The variation of the
action (6) with respect to the vierbeins gives rise to the
following field equations
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)
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(7)

where ⇥ ⌫

µ
is the energy-momentum tensor (EMT) defined

by

⇥ ⌫

µ
= ea

µ


� 1

det(eb
�
)

�Lm

�ea
⌫

�
, (8)

which obeys the local conservation law according to the
Bianchi identity [3]. We note that the special case f(T ) =
T reduces to teleparallel equivalent of general relativity
(TEGR).

In this study, we investigate the cosmological appli-
cations of f(T ) gravity. For this reason, we proceed by
assuming the following vierbeins

e a

µ
= diag(1, a(t), a(t), a(t)), (9)

which leads to the Robertson-Walker spacetime metric
with flat spacelike sections:

ds2 =� dt2 + a(t)2
�
dx2 + dy2 + dz2

�
, (10)

where a(t) is the scale factor and t is the cosmic time.
Substituting Eq. (9) into Eq. (5) with (3), we obtain the
torsion scalar as follows:

T = 6H2, (11)

where H = ȧ

a
is the Hubble parameter. We suppose all

types of matter distributions (viz., the usual cosmological

sources such as radiation, baryons, etc.) are perfect fluids
with no peculiar velocities, described by the (EMT) of the
form ⇥ ⌫

µ
= diag[�⇢, p, p, p] where ⇢ and p are the energy

density and pressure, respectively. Accordingly, utilizing
Eqs. (9) and (11) in Eq. (7) along with the definitions
above, the modified Friedmann equations for an arbitrary
function of torsion scalar, viz., f(T ), read

3H2 � 1

2
(T + f � 2TfT ) = ⇢, (12)

�2Ḣ � 3H2 � 1

2

✓
TfT � f � 2T 2fTT

fT + 2TfTT

◆
= p, (13)

where fT = df
dT and fTT = d2

f

dT 2 . Having presented the
necessary background briefly, we shall now examine a
specific model of f(T ) gravity in the context of isotropic
cosmology.

III. EXPONENTIAL INFRARED
TELEPARALLEL COSMOLOGY

In this work, we consider a particular model proposed
in Ref. [9] described by the choice of

f(T ) = Te�T0/T , (14)

where � is a dimensionless constant and T0 is the present-
day value of the torsion scalar. Given that the (pressure-
less) matter obeys, as in GR, the local energy-momentum
conservation law [3], viz., ⇢̇m + 3H⇢m = 0, substituting
Eq. (14) into Eq. (12) along with the relation (11), we
obtain the following independent Friedmann equation and
the constraint equation:

✓
H2

H2
0

� 2�

◆
e�H

2
0/H

2

= ⌦m0(�) (1 + z)3, (15)

⌦m0(�) = (1� 2�)e� , (16)

where ⌦m0 = ⇢m0/(3H2
0 )—the density parameter is de-

fined as ⌦ = ⇢/⇢cr with ⇢cr = 3H2/ being the critical
energy density of the Universe, the redshift is defined from
the scale factor as z = a0/a� 1 with a0 being the today
value of the scale factor. Here and hereafter, a subscript 0
attached to any quantity denotes its present-day (i.e., at
z = 0) value. Note that Eq. (16) is obtained by applying
H(z = 0) = H0 condition to Eq. (15).

It should be noted first that it is not possible to isolate
H in Eq. (15), and hence, we are not able to give an ex-
plicit exact solution for H(z). Although there are various
reconstruction methods [66, 67] exposing the explicit Hub-
ble parameter of several f(T ) models, they still do not
provide an equivalent response. Yet, recasting Eq. (15)
with the constraint (16), we can extract the redshift as a
function of the Hubble parameter as follows:

z(H) = e
�
3 (H2

0/H
2�1)


H2/H2

0 � 2�

1� 2�

�1/3
� 1, (17)
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implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.

Point II
�
� = 0 ! ⌦m0 = 1

�
: Purple square marker

and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.

Region III
�
� 1/2 < � < 0

�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/

p
e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).

Region IV
�
� < �1/2

�
: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)

= e�H
2
0/H

2 �
1� �H2

0/H
2
�
, (21)

where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have

3
For instance, one can see that the Ricci scalar built out of the

metric gµ⌫ also tends to vanish in this Minkowski limit. This is

because this invariant (as well as other invariants made out of the

metric tensor) includes terms of (1 + z) dH/dz or, equivalently

dH/dN , which remain finite (together with the higher derivatives

d
2
H/dN 2

, etc.).
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0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.
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and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
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Sitter Universe.
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�
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�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/
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e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).
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� < �1/2
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: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)

= e�H
2
0/H

2 �
1� �H2

0/H
2
�
, (21)

where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have
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For instance, one can see that the Ricci scalar built out of the

metric gµ⌫ also tends to vanish in this Minkowski limit. This is

because this invariant (as well as other invariants made out of the

metric tensor) includes terms of (1 + z) dH/dz or, equivalently

dH/dN , which remain finite (together with the higher derivatives

d
2
H/dN 2

, etc.).

matter dominated TEGR,  
Einstein-de Sitter Universe. 


5

implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.

Point II
�
� = 0 ! ⌦m0 = 1

�
: Purple square marker

and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.

Region III
�
� 1/2 < � < 0

�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/

p
e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).

Region IV
�
� < �1/2

�
: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
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sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
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space which we consider since the unknown nature of dark
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that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
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On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
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we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a
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We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)
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where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
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erwise, viz., for fT < 0, the gravitational waves become
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uum into standard particles and ghost particles (see e.g.
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sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
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of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
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pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
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through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
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FIG. 4. Top left panel: ⇢DE/⇢cr0 (energy density of DE scaled by critical density today), Top right panel: pDE/⇢cr0 (pressure
of DE scaled by critical density today), Bottom left panel: wDE(z) (EoS parameter of DE), Bottom right panel: ⌦(z)
(density parameters) of matter (dashed curves) and DE (solid curves). To ensure the consistency with the CMB data, we use
H0 = 68.86 km s�1Mpc�1 for ⇤CDM model shown by red curve, H0 = 73.69 km s�1Mpc�1 for phantom DE model (�+) shown
by orange curve, H0 = 85.66 km s�1Mpc�1 for sign-changing DE model (��) shown by blue curve, and ⌦m0h

2 = 0.14314 for all.

of this model is that the Universe is initially AdS, today
exhibits a dS like behavior, and in the far future arrives
at a Minkowskian fixed point.

Top panel of Fig. 5 displays that similar to the �+

case, the model recovers the deceleration parameter of
the matter-dominated era in ⇤CDM (q = 0.5) in the past
but at relatively larger redshifts, viz., z & 10. It is also
observed that today the deceleration parameter takes the
value of q0 = �0.62 (the corresponding ⇤CDM value is
q0 = �0.55), and the transition redshift from deceler-
ation to acceleration is ztr = 1.54, which is somewhat
earlier than expected, namely, quite di↵erent from the
corresponding value (ztr = 0.67) in the ⇤CDM, as well
as, that in the �+ case. In the far future limit (z ! �1),
we have q ! �1 as H ! 0. Bottom panel of Fig. 5 shows
the comoving Hubble parameter, H(z)/(1 + z), with re-
spect to redshift. The sign-changing model agrees with
the measurement from eBOSS DR16 Quasar (ze↵ = 1.48)
as ⇤CDM model does. It is seen that compared to the
⇤CDM, for larger redshifts (z > 1), our model prefers
much smaller values for H(z) but much larger values when
z < 1. In other words, �� case moves the comoving Hub-
ble parameter curve in the desired direction but leads to
dramatic increases/decreases when we compare to the val-
ues of the corresponding parameters in the �+ case, as well
as, for instance, the values suggested in the ⇤sCDM [50–
52], gDE [38] and omnipotent dark energy models [57]
which enable the addressing of the major cosmological
tensions. Interestingly, Fig. 5 clearly exhibits that sign-

changing torsional DE model is capable of simultaneously
ameliorating the H0 and BAO-Ly-↵ discrepancies. It is
already known that these two simultaneous improvements
in H0 and Ly-↵ are interrelated in the gDE framework
where the energy density of DE smoothly transitions from
negative to positive energy values [50, 51, 73]. Namely,
the torsional DE considered in this work takes negative
values beyond z† = 1.49 towards early Universe but this
negative DE conflicts with the Ly-↵ data, in a di↵erent
way compared to LCDM, preferring lesser H(z) values
than their lower limits at the e↵ective redshifts larger
than z†. Since the comoving angular diameter distance
to last scattering, DM (z⇤), which is strictly constrained
by observations almost model independently, is directly
related to the integral of H�1(z), the model attains an
exaggerated H0 value as a result of compensating the dra-
matically lesser values of H(z) at the e↵ective redshifts of
the Ly-↵ data by higher H(z) values in the late Universe.

It is worth nothing that the specific model described
by the function (14) uses the correct prescription for ad-
dressing the major cosmological tensions as suggested by
the ⇤sCDM and similar models, though it su↵ers from
overdose. The sign-changing torsional DE model achieved
with �� in this study prefers a late-time energy density
lower by a factor of about four than the early-time value
and di↵ers from ⇤sCDM model—a theory-framework that
can simultaneously resolve the major cosmological ten-
sions, viz., the H0, MB, and S8 tensions, currently present
in ⇤CDM—in this respect. Because, ⇤sCDM proposes

7

form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2



h
1�

�
1� 2�H2

0/H
2
�
e�H

2
0/H

2
i
. (24)

Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0



✓
1 + 2�H2

0/H
2

1� �H2
0/H

2 + 2�2H4
0/H

4

◆
, (25)

and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H

2

1� �H2
0/H

2 + 2�2H4
0/H

4

⇥ 1 + 2�H2
0/H

2

1� (1� 2�H2
0/H

2) e�H
2
0/H

2 .

(26)

The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn
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2
p
e
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where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2


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Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0
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and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H
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The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn
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2
p
e
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, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2


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Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0
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and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H
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The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn
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2
p
e
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, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2
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Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0
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and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
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The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1

2
+Wn
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, (27)

where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =

R
z⇤
0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:

3H2 = ⇢m0(1 + z)3 + ⇢T, (23)

where the energy density of the torsional DE can be
extracted as

⇢T(H) =
3H2
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Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by

pT(H) = �3�H2
0
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and the corresponding equation of state (EoS) parameter
of the torsional DE reads

wT = � �H2
0/H
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The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
1
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where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
transcendental equation WeW . Each choice of n specifies
a branch of the Lambert-W function. In a physically
viable model, we expect the present-day energy density
parameter of matter to reside within the interval 0.2 
⌦m0  0.4, indicated by the wheat band in Fig. 1, which
intercepts the two solution branches corresponding to
n = 0 and n = �1 values, where the former has a positive
valued � region in the range

0.360 . �+ . 0.435 for 0.2  ⌦m0  0.4, (28)

when n = 0 (inside Region II) and the latter has a negative
valued � region within the range

�3.749 . �� . �2.805 for 0.2  ⌦m0  0.4, (29)

when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
we will now make a preliminary forecast regarding the
cosmological parameters. We fix the angular scale of
the sound horizon, ✓⇤ = r⇤/DM (z⇤), and the physical

matter density, ⌦m0h2, at the CMB last scattering to
that of ⇤CDM to ensure good consistency with the CMB
data. Since the modification (14) considered in this study
is e↵ective at post-recombination epoch, we expect no
considerable deviation in the comoving sound horizon
at last scattering given by r⇤ =

R1
z⇤

csH�1dz, which is
determined entirely by the pre-recombination Universe,
where cs is the sound speed in the plasma and z⇤ ⇡ 1090
is the redshift of last scattering. Therefore, given the
fact that ✓⇤ is measured almost model independently
with a precision of 0.03% [15], we equivalently fix the
comoving angular diameter distance to last scattering
given by DM (z⇤) =
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0 cH�1dz. Consequently, we uti-

lize from ⇤CDM Planck18 [15], DM (z⇤) = 13872.83 Mpc
constrained strictly and almost model independently
through the measurement of ✓⇤ (100✓⇤ = 1.041085)
and the CMB-based constraint ⌦m0h2 = 0.14314 im-
plying an inverse correlation between ⌦m0 and H0 where
h = H0/(100 km s�1Mpc�1) is the dimensionless reduced
Hubble constant. Applying this method, we obtain H0 =
73.69 km s�1Mpc�1,⌦m0 = 0.264 and �+ = 0.413 within
Region II; H0 = 85.66 km s�1Mpc�1,⌦m0 = 0.195 and
�� = �3.782 within Region IV. For comparison on equal
terms, we also employ the same constraints for ⇤CDM
model which yield H0 = 68.86 km s�1Mpc�1,⌦m0 =
0.302. The �+ case is known to produce a torsional
DE featuring phantom behavior and has been extensively
investigated in Refs. [9, 11, 12]. In the following, we elab-
orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
model. We note that the energy density of torsional DE
becomes fixed at the value of 0.413⇢cr0, viz. the ratio
⇢T/⇢cr0 equals to the value of � in general. The torsional
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form:
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where the energy density of the torsional DE can be
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Using the fact that the torsional DE obeys local energy-
momentum conservation, viz., ⇢̇T +3H(⇢T + pT) = 0, the
pressure of the torsional DE is given by
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The constraint equation given in Eq. (16) indicates that
the model does not include any new free parameter by
comparison with the six-parameter-based ⇤CDM model.
Since the physical energy density of matter, ⌦m0h2, is
one of the base parameters in ⇤CDM, following the same
manner, we now switch our variable from � to ⌦m0, and
henceforth regard � as a function of ⌦m0. Then, the
solution for � is given by

� =
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where n is an integer and Wn(x) denotes the Lambert-W
function, which is a multi-valued function solving the
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when n = 0 (inside Region II) and the latter has a negative
valued � region within the range
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when n = �1 (inside Region IV).
To make a quantitative analysis of the e↵ective DE

model, the theoretical basis of which is presented above,
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0.302. The �+ case is known to produce a torsional
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orate on both cases in comparison with ⇤CDM model
by plotting some illustrative figures; we first revisit the
model with �+ in Sec. IVB, and then examine the model
considering �� in Sec. IVC—which has been excluded in
Refs. [9, 11, 12]—generating an e↵ective DE having zero-
crossing energy density as suggested by ⇤sCDM model
to alleviate cosmological tensions [38, 50].

B. �+ case: Phantom Torsional DE

We now discuss some features of the phantom DE model
achieved with �+ staying loyal to color of the Region II,
the solid orange colored curve in Fig. 1 in the following
plots. For instance, the top left panel of Fig. 4 represents
the evolution of the energy density of DE ⇢DE(z) scaled
by ⇢cr0, and the right panel depicts the corresponding
EoS parameter of DE wDE(z). The bottom right panel
of Fig. 4 shows the evolution of ⌦(z) for matter and DE
in phantom model with �+ (orange curves) and ⇤CDM
model (red curves). It is seen that at large redshift values
(z & 4), the torsional DE behaves as a cosmological
constant since its EoS parameter approaches to minus
unity, viz. wT(z) ! �1, however, its energy density
parameter concurrently almost vanishes, viz. ⌦T(z) ! 0.
Hence, the universe is matter-dominated at this epoch in
agreement with the standard scenario suggested by ⇤CDM
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FIG. 5. Top panel: q(z) (deceleration parameter), Middle
panel: ȧ = H(z)/(1 + z) (comoving Hubble parameter),
Bottom panel: H/H⇤CDM vs z. The green bars corresponds
to SH0ES collaboration measurement [70] and from clustering
measurements for the BAO samples in Ref. [17]; BOSS DR12
consensus Galaxy (from ze↵ = 0.38, 0.51), eBOSS DR16 LRG
(from ze↵ = 0.70), eBOSS DR16 Quasar (from ze↵ = 1.48),
eBOSS DR16 Ly↵-Ly↵ (from ze↵ = 2.33) and eBOSS DR16
Ly↵-quasar (from ze↵ = 2.33 but shifted to ze↵ = 2.35 in the
figures for visual clarity) measurements.

that the Universe has, around redshift z† ⇠ 2, under-
gone a rapid mirror anti-de Sitter (AdS) vacuum to a de
Sitter (dS) vacuum transition, namely, a mirror AdS-dS
transition, corresponding to a sign-switching cosmological
constant while maintaining the magnitude before and
after the transition. Also, the fact that the Hubble pa-
rameter of this f(T ) model prefers values much smaller
than needed at larger redshifts while keeping the DM (z)
constant at its almost model independent value results
in the exaggerated enhancement in the Hubble constant.
It is clear that this outcome will place the model in a
disadvantageous position in the observational analysis.
Nevertheless, our findings point to the availability of a
novel region, which gives rise to an e↵ective DE density

attaining negative values, for solutions of f(T ) models in
the literature to date. As we have shown, with this new
region, it is possible to bring the H0 value into alignment
with the local measurements in a more emphasized way
compared to phantom DE model, and concurrently di-
minish ⌦m0 value—since there exists an anti-correlation
between them due to the fixing of the physical density of
matter to ⌦m0h2 = 0.14314 for consistency with CMB.
This low value preferred for ⌦m0 is a good sign for ad-
dressing S8 tension and enables a scenario for the struc-
ture growth suppressed at late times, and accordingly
enhanced at early times, which is compatible with the
high-z galaxy formation predicted by James Webb Space
Telescope (JWST) [74].

Consequently, the f(T ) cosmological models in the ex-
isting literature need to be revisited from this perspective,
the first example of which is presented in the current study.
As a further step, relaxing the condition of six-parameter
based cosmological model, as done in Ref. [82] by intro-
ducing one extra free parameter that can control T0/T

term via the function f(T ) = Te↵(T0/T )b , may leave us
room for realizing a ⇤sCDM type mechanism to alleviate
H0 and S8 tensions simultaneously. Similar to b = 1 case
(for which ↵ = �) studied in this work, general b extension
has also been considered for only positive powers of the
exponential, viz., ↵ > 0 [82], therefore, it is of interest to
investigate the impact of incorporating the b parameter
under ↵ < 0 condition.

V. INCLUSION OF A COSMOLOGICAL
CONSTANT ⇤

In this section, we generalize the f(T ) model given in
Eq. (14) by including the cosmological constant, ⇤, as
follows:

f(T,⇤) = Te�T0/T + 2⇤, (32)

whose � = 0 limit corresponds to ⇤CDM model. In this
way, the Friedmann equation and the constraint equation
given in Eqs. (15) and (16), respectively transform into
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where the present-day density parameter of the cosmo-
logical constant is defined as ⌦⇤ = ⇤/3H2

0 . As can be
seen by comparing Eq. (34) with Eq. (16), the inclusion
of the cosmological constant results in a shift in ⌦m0 for a
given � value; positive ⇤ decreases ⌦m0 whereas negative
⇤ leads to an increase in it.

Following the same procedure in Section III, we can
extract the redshift in terms of Hubble parameter:

z(H) =
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the CMB-based constraint

h = H0/(100 km s−1Mpc−1)
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Sitter (dS) vacuum transition, namely, a mirror AdS-dS
transition, corresponding to a sign-switching cosmological
constant while maintaining the magnitude before and
after the transition. Also, the fact that the Hubble pa-
rameter of this f(T ) model prefers values much smaller
than needed at larger redshifts while keeping the DM (z)
constant at its almost model independent value results
in the exaggerated enhancement in the Hubble constant.
It is clear that this outcome will place the model in a
disadvantageous position in the observational analysis.
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novel region, which gives rise to an e↵ective DE density
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As a further step, relaxing the condition of six-parameter
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On top of this interesting feature, we could still add to the f(T) a cosmological constant to have 
larger phenomenological possibilities. Accordingly, in Sec. V, we will widen the scope of the 
exploration for viable cosmologies by including Λ in the action while retaining the function  that 
describes the exponential infrared teleparallel model. 

EXPLORING THE VIABLE COSMOLOGIES  by including Λ
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attaining negative values, for solutions of f(T ) models in
the literature to date. As we have shown, with this new
region, it is possible to bring the H0 value into alignment
with the local measurements in a more emphasized way
compared to phantom DE model, and concurrently di-
minish ⌦m0 value—since there exists an anti-correlation
between them due to the fixing of the physical density of
matter to ⌦m0h2 = 0.14314 for consistency with CMB.
This low value preferred for ⌦m0 is a good sign for ad-
dressing S8 tension and enables a scenario for the struc-
ture growth suppressed at late times, and accordingly
enhanced at early times, which is compatible with the
high-z galaxy formation predicted by James Webb Space
Telescope (JWST) [74].

Consequently, the f(T ) cosmological models in the ex-
isting literature need to be revisited from this perspective,
the first example of which is presented in the current study.
As a further step, relaxing the condition of six-parameter
based cosmological model, as done in Ref. [82] by intro-
ducing one extra free parameter that can control T0/T

term via the function f(T ) = Te↵(T0/T )b , may leave us
room for realizing a ⇤sCDM type mechanism to alleviate
H0 and S8 tensions simultaneously. Similar to b = 1 case
(for which ↵ = �) studied in this work, general b extension
has also been considered for only positive powers of the
exponential, viz., ↵ > 0 [82], therefore, it is of interest to
investigate the impact of incorporating the b parameter
under ↵ < 0 condition.

V. INCLUSION OF A COSMOLOGICAL
CONSTANT ⇤

In this section, we generalize the f(T ) model given in
Eq. (14) by including the cosmological constant, ⇤, as
follows:

f(T,⇤) = Te�T0/T + 2⇤, (32)

whose � = 0 limit corresponds to ⇤CDM model. In this
way, the Friedmann equation and the constraint equation
given in Eqs. (15) and (16), respectively transform into
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FIG. 5. Top panel: q(z) (deceleration parameter), Middle
panel: ȧ = H(z)/(1 + z) (comoving Hubble parameter),
Bottom panel: H/H⇤CDM vs z. The green bars corresponds
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Ly↵-quasar (from ze↵ = 2.33 but shifted to ze↵ = 2.35 in the
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FIG. 6. Left panel: H0 versus ⌦⇤0 graph, Middle panel: H0 versus � graph, Right panel: ⌦⇤0 versus ⌦m0 graph for
exponential infrared teleparallel model with cosmological constant. The points correspond to models having parameter sets
{H0,⌦m0,⌦⇤0,�} that satisfy DM (z⇤) = 13872.83 Mpc constrained strictly and almost model independently through the
measurement of ✓⇤ (100✓⇤ = 1.041085) and the CMB-based constraint ⌦m0h

2 = 0.14314 on the physical energy density. Orange
points represent phantom DE models and blue points represent sign-changing DE models in the presence of ⇤. Constraints
at 1� C.L. from SH0ES collaboration measurement H0 = 73.04± 1.04 km s�1Mpc�1 [70] are shown as a wheat band, red plus
sign corresponds to ⇤CDM model (with parameters in Eq. (??)), and blue and orange plus signs show phantom model (with
parameters in Eq. (??)) and sign-changing model (with parameters in Eq. (??)) in the absence of ⇤, viz., when ⌦⇤0 = 0. The
dotted purple line in the right panel represents ⌦m0 + ⌦⇤0 = 1. Purple plus sign represents the model in line with findings from
DESI paper given in Ref. [79] that adds an extensive class of model-agnostic reconstructions with acceptable fits to the data,
including models where cosmic acceleration slows down at low redshifts. It is also worth noting that standard ⇤CDM model
(red plus) corresponds to a very special point, namely, to a local minimum in the left and middle panels.

We can also modify the important relation mentioned
in Eq. (18) by considering derivative of the redshift (35)
with respect to the Hubble parameter H in the following
way:
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where we observe that the denominator remains un-
changed, and hence, maintains its property of not vanish-
ing for any real values of � and H/H0.

The addition of cosmological constant to the f(T ) func-
tion a↵ects the deceleration parameter as follows:
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Using Eq. (32) in Eqs. (12) and (13), the energy density
of e↵ective DE is obtained as
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Here we should remark that the addition of ⇤ to f function
as in Eq. (32) results in a pressure contribution di↵erent
than that in the standard GR, i.e., p⇤ = �⇢⇤, since it
is calculated from Eq. (13) which leads to cross terms
of ⇤ and torsion scalar. Hence, in this method, the
cosmological constant does not behave like vacuum energy.
Alternatively, we can include vacuum energy with wvac =
�1 alongside pressureless matter as source, or can add a
constant directly to the torsion scalar itself by replacing T
by T + 2⇤ [83]. Each of these three approaches produces
di↵erent field equations.

Dividing Eq. (41) by (38), we obtain the EoS of DE as
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at 1� C.L. from SH0ES collaboration measurement H0 = 73.04± 1.04 km s�1Mpc�1 [70] are shown as a wheat band, red plus
sign corresponds to ⇤CDM model (with parameters in Eq. (??)), and blue and orange plus signs show phantom model (with
parameters in Eq. (??)) and sign-changing model (with parameters in Eq. (??)) in the absence of ⇤, viz., when ⌦⇤0 = 0. The
dotted purple line in the right panel represents ⌦m0 + ⌦⇤0 = 1. Purple plus sign represents the model in line with findings from
DESI paper given in Ref. [79] that adds an extensive class of model-agnostic reconstructions with acceptable fits to the data,
including models where cosmic acceleration slows down at low redshifts. It is also worth noting that standard ⇤CDM model
(red plus) corresponds to a very special point, namely, to a local minimum in the left and middle panels.
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including models where cosmic acceleration slows down at low redshifts. It is also worth noting that standard ⇤CDM model
(red plus) corresponds to a very special point, namely, to a local minimum in the left and middle panels.
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implies that the Hubble parameter is bound to be
H2 < 2�H2

0 . Considering the evolution of H(z), in
the past as z ! 1, H ! 0, which corresponds to
a Minkowski limit and in the far future as z ! �1,
then H2 ! 2�H2

0 asymptotically as shown in the
top panel of Fig. 2.

Point I (� = 1/2): This case corresponds to (1/2, 0)
point and is represented by the green dot in Fig. 1.
This special point leads to an empty universe,
i.e., zero present-day density parameter of matter,
⌦m0 = 0, however, one has a de Sitter background
for which H2 = H2

0 due to the f(T ) modification
in the spacetime geometry even though no bare cos-
mological constant is introduced, see green line in
the top panel of Fig. 2.

Region II
�
0 < � < 1/2

�
: The solid orange curve in

Fig. 1 represents this region, which includes the well-
known case already discussed in the literature [11,
12]. In this region, the present-time matter density
parameter resides within the interval 0 < ⌦m0 < 1
enabling a viable cosmology indicated by the wheat
band in Fig. 1. Here the Hubble parameter is bound
to be H2 > 2�H2

0 as can be seen from the Fig. 2
using the top panel.

Point II
�
� = 0 ! ⌦m0 = 1

�
: Purple square marker

and curve refers to the case with vanishing extra
terms arisen from f(T ) � T ; thence, f(T ) regime
goes into matter dominated TEGR, i.e., Einstein-de
Sitter Universe.

Region III
�
� 1/2 < � < 0

�
: In this case, the present-

day density parameter of matter lies within the
region 1 < ⌦m0 < 2/

p
e, which is represented by

the orange dot dashed curve, and has been first
discussed here.

Point III (� = �1/2): This case leads to the present-
day density parameter of matter to reach an upper
limit with ⌦m0 = 2/

p
e, viz., corresponds to the

point (�1/2, 2/
p
e), and shown by the black dia-

mond marker in Fig. 1).

Region IV
�
� < �1/2

�
: This case displayed by the

blue curve refers to 0 < ⌦m0 < 2/
p
e. Note that this

region also includes the observationally reasonable
⌦m0 interval shown by wheat band, however, it is
overlooked in cosmological analyses in the literature
to date.

Concerning the last three cases, we would like to mention
that for � < 0, in the infinite future, i.e., for z ! �1,
solution of Eq. (15) brings to H ! 0. In the same limit,
we have that dH/dz ! 1 and one might worry about
the presence of a singularity. However, from Eq. (18), it
is clear that H ! 0 and dH/dN ! 0, which signalizes a

finite Minkowski limit.3

We now proceed with analyzing the above regions con-
sidering the quantity fT whose positivity is required for
several reasons. Probably the strongest of all is that oth-
erwise, viz., for fT < 0, the gravitational waves become
ghost degrees of freedom, leading to the decay of the vac-
uum into standard particles and ghost particles (see e.g.
Ref. [68]). On top of this constraint, we also need to make
sure that baryonic matter follows the usual laws of gravity.
If fT becomes negative, then baryons, whose energy den-
sity is positive, as made of particles/quanta whose energy
is positive, would lead to antigravity, a phenomenon that
should not take place after recombination. In this regard,
if we consider the dark matter as yet an unknown com-
ponent of ⌦m0 as in the standard scenario, the positivity
of fT guarantees the attractive nature of gravity, having
Ge↵ ⌘ G/fT > 0, then matter clusters around the galax-
ies. Instead, for fT < 0 if ⌦m0 < 0 (a region of parameter
space which we consider since the unknown nature of dark
matter), there is an extra region that clustering of matter
is still theoretically possible while the gravity is repulsive
due to the negative mass. We leave for future work the
question of the stability of the solutions against linear
inhomogeneous and anisotropic perturbation whereas for
a brief theoretical discussion of the evolution of matter
perturbations, Mészáros equation in Eq. (A2), which gov-
erns the evolution of the matter density, is provided in
Appendix A. Accordingly, the derivative of the f function
given in Eq. (14) with respect to the torsion scalar T
reads

fT = e�T0/T (1� �T0/T ) , (20)

= e�H
2
0/H

2 �
1� �H2

0/H
2
�
, (21)

where we use the relation (11) in the second line assuming
FLRW spacetime metric. Then, we can see from Eq. (20)
that � < 0 is a su�cient condition to have fT > 0, inde-
pendently of the value dynamics of T on any background,
including the FLRW spacetime, which may be seen from
Eq. (21) as well. Conversely, when � > 0, one needs
to ensure that dynamically the universe never entered
through an era during which fT < 0.
On FLRW spacetime assumption, we notice from

Eq. (21) that � < 0 case including Regions III and IV
and the Point III (� = �1/2) satisfies fT > 0 irrespec-
tive of the evolution of Hubble parameter. For the Point
II (� = 0), we have fT = 1. In the � > 0 case, Re-
gion II and the Point I (� = 1/2) ensures the positivity
of fT ; for the former, the Hubble parameter is already
bounded as H2 > 2�H2

0 and for the latter, we have

3
For instance, one can see that the Ricci scalar built out of the

metric gµ⌫ also tends to vanish in this Minkowski limit. This is

because this invariant (as well as other invariants made out of the

metric tensor) includes terms of (1 + z) dH/dz or, equivalently

dH/dN , which remain finite (together with the higher derivatives

d
2
H/dN 2

, etc.).

 Interpretating the DESI evidence: cosmic slow down of acceleration via f(T) gravity with β < 0   for  z<1



The points correspond to models having parameter sets {H0, Ωm0, ΩΛ0, β} that satisfy DM(z∗) = 13872.83 Mpc constrained strictly and almost model 

independently through the measurement of θ∗ (100θ∗ = 1.041085) and the CMB-based constraint Ωm0h2 = 0.14314 on the physical energy density.


 The dotted purple line in the right panel represents Ωm0 + ΩΛ0 = 1. 


exponential infrared teleparallel model with cosmological constant

SH0ES collaboration measurement 
H0 = 73.04 ± 1.04 km s−1Mpc−1


Riess et al. Astrophys. J. Lett. 934, 
L7 (2022) 2112.04510

Remark I : Purple plus sign represents the model in line with findings from DESI paper given in  Calderon, et al. 2405.04216 that adds an 
extensive class of model-agnostic reconstructions with acceptable fits to the data, including models where cosmic acceleration slows down at 
low redshifts.   


Remark II:  standard ΛCDM model (red plus) corresponds to a very special point, namely, to a local minimum in the left and middle panels.


 

ΛCDM: Turning point

ΩΛ0 < 0



Concludıng remarks and future plan

• These are the First attempts on having negative energy densities in the past. 


• In this model, the modified Friedmann equation does not allow us to isolate the Hubble 
parameter H as a function of redshift.


• Yet we are now seeıng that torsional dark energy models may provide very different 
theoretical opportunities , such as resolving tensions, giving possible slow down ın 
acceleration. 


• We show a case study, here we should consider the two different branches of Lambert W 
function associated with negative and positive powers of the exponential.


• standard ΛCDM model corresponds to a very special point,  turning point for H0.


• For sign-changing model, the beginning of the acceleration at an earlier time than expected 
results in a comoving Hubble parameter, that is in huge discrepancy with the BAO data.


•  we should make sure that G/GN does not change much in the evolution of the universe. Say 
at most by 10% at BBN.
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trying to modify this new model allowing one extra free
parameter and looking for other models that might lead
to minimal deviation from GN.]

[ADF: Thanks a lot for your e↵ort!]
In this section, we generalize the f(T ) model given in

Eq. (14) by including a new function of T as follows:

f(T ) = Te�T0/T + g(T ). (46)

The advantage of this choice is that we can set

fT (z = 0) = 1 and fTT (z = 0) = 0, (47)

where the first ensures Ge↵(z = 0) = GN and the second
ensures that Ge↵ varies only slowly in the late universe.
To satisfy these conditions with a minimal function of
T , one can introduce a quadratic correction equation for
g(T ), which leads to

f(T ) = Te�T0/T + ↵1 T + ↵2T
2/T0. (48)

These conditions are satisfied for

↵1 = 1 + (�2 + � � 1)e� and ↵2 = ��2e�/2. (49)

Thus, our model takes the following form:

f(T ) = Te�T0/T + [1+ (�2 + �� 1)e� ]T � �2e�

2T0
T 2 (50)

Substituting Eq. (50) into Eq. (12) along with the rela-
tion (11), we obtain the following independent Friedmann
equation and the constraint equation:
✓
H2

H2
0

� 2�

◆
e�H

2
0/H

2

+
H2

H2
0

⇥
1 + (�2 + � � 1)e�

⇤

� H4

H4
0

3�2e�

2
= ⌦m0(�) (1 + z)3, (51)

⌦m0(�) = 1� �e� (1 + �/2) . (52)

Recasting Eq. (51) with the constraint (52), we can extract
the redshift as a function of the Hubble parameter as
follows:

z(H) =

2

4

⇣
H

2

H
2
0
� 2�

⌘
e�H

2
0/H

2

+ H
2

H
2
0
↵1 � H

4

H
4
0

3�2
e
�

2

1� �e� (1 + �/2)

3

5

1/3

�1

(53)
The derivative of the f(T ) function with respect to
torsion T is

fT = 1+(1��T0/T )e
�T0/T +[� (1 + � � �T/T0)� 1] e�

(54)
The ratio of gravitational constant of the f(T ) model to
that of GR is G

GN
= 1

fT
.

***We should make sure that G/GN does not change
too much in the evolution of the universe. Say at most
by 10% at BBN?
[NK: Ref.[4] may help to understand the deviation

from the old model, because in this paper, they consider

FIG. 8. ⌦m0 vs. � for the new f(T ) model in Eq. (50) (green
curve) and the old model in Eq. (14) (blue and orange curves).

FIG. 9. (1 + z)3 vs. H/H0 graph. [NMU: Most of the �

values do not satisfy the nonnegativity of (1+z). Purple curve
(� = 0) corresponds to matter only Universe in GR. ⌦m0 is
equal to almost unity for blue one (� = �12) as well. For the
yellow curve (� = 0.75), ⌦m0 < 0.]

similar order of magnitude terms, T and T 2 (for n = �2
in [4]) yet with arbitrary coupling, leading H2 and H4

contributions to Friedmann given in Eq.40, respectively.
I do not know whether the comparison is correct between
the cases with and without the exponential term. However,
priors for n [�0.23, 0.03] and the best fit n = �0.10 are
given. Ref. [71] cited this paper and mentioned about
Linder’s exponential function to keep the variation of
the gravitational coupling small within f(T ) theory and
related the distortion factor with H0 tension, it may be
useful. ] [NMU: There are two models named after
Linder, and one of them is a generalization of our old
model. There is an extra free parameter ↵ and ↵ = �1
(or +1 depending on notation) corresponds to our old
model but in this model deviation from GN depends on
the model parameter ↵ as well.]

[NK: Bilal wrote this function, this is Linder’s exponen-

6

FIG. 3. Top panel: Evolution of fT with respect to H/H0,
Bottom panel: ḟT /fT scaled by H0 vs H/H0 for some chosen
� values representing regions presented in Fig 1.

fT =
p
e/2. Lastly, for Region I where H2 is bounded as

0 < H2 < 2�H2
0 , there are two possibilities: the interval

0 < H2 < �H2
0 leads to fT < 0 whereas the interval

�H2
0 < H2 < 2�H2

0 implies fT > 0. In other words,
in Region I, ⌦m0 is always negative but fT takes both
positive and negative values according to the evolution of
the Hubble parameter.

The propagation of gravitational waves is governed by

ḧij +
⇣
3H + ḟT

fT

⌘
ḣij +

k
2

a2 hij = 0 where the modification

on Hubble friction term is very slight to be constrained
by the current gravitational wave data yet in the models
considered in the literature [69]. Due to exponential
correction to T is

� Ġe↵

Ge↵
=

ḟT
fT

=
fTT

fT
Ṫ =

2(�H2
0/H

2)2

1� �H2
0/H

2

dH

dN , (22)

has the same signature with dH
dN given in Eq. (18) except

Region I. Reminding that matter perturbations in the
linear regime is governed by �̇m + 2H �̇m = 4⇡G

fT
⇢m�m.

Weak and strong energy conditions in f(T ) framework
are derived from Raychaudhuri’s equation along with the

requirement that gravity is attractive and they are related
to ḟT /fT as well.

IV. EXPLORING THE VIABLE COSMOLOGIES

In this section, we will explore an interesting theoreti-
cal property of the f(T ) theory we have considered, the
possibility of the e↵ective energy density of the DE be-
coming negative at early times, without the need for a
bare negative cosmological constant. Let us think a bit
more about this point. Usually, a self-gravitating fluid
component having ⇢ < 0 on the background is a problem.
Notice that for a simple matter component, ⇢� > 0, unless
a ghost degree of freedom is present. If we were in the
presence also of a negative bare cosmological constant,
the total energy density of the quintessence field and the
cosmological constant could be negative, provided we pick
up an enough large (but negative) cosmological constant.
However, if the cosmological constant is absent, i.e. the
quintessence potential would vanish at its absolute min-
imum, then the energy density of the quintessence field
would always be non-negative.

In the presence of f(T ), the theory, as we will show
in the discussion below, can undergo an era for which
⇢T < 0 even in the absence of any cosmological constant4,
and still the theory would have fT > 0, that is free of
ghost degrees of freedom. This property is very interesting
and it may lead to non-trivial phenomenological implica-
tions. On top of this interesting feature, we could still
add to the f(T ) a cosmological constant to have larger
phenomenological possibilities. Accordingly, in Sec. V,
we will widen the scope of the exploration for viable cos-
mologies by including ⇤ in the action (6) while retaining
the function (14) that describes the exponential infrared
teleparallel model.

A. E↵ective DE interpretation

To investigate our model from the perspective of dy-
namical DE models, we will treat the extra geometrical
terms arising from the f(T ) modification in the modified
Friedmann equations as an e↵ective DE component. Note
that T part of the action (6) generates the standard 3H2

term, and thereby, the extra terms come from the varia-
tion of f(T )�T part. Similar to Eq. (17), we can write all
quantities in terms of H, therefore, their z-dependences
can be expressed in parametric form. To do so, we rewrite
Friedmann equation given in Eq. (15) in the following

4
We will see for instance that at early times limH/H0!1 ⇢T =

3�H
2
0/ < 0 for � < 0 (but for any finite value of H, ⇢T +

pT 6= 0, i.e. f(T ) is never a cosmological constant), whereas by

construction we assume that today ⇢T (z = 0)/(3H
2
0 ) = 1�⌦m0,

positive for ⌦m0 < 1.
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FIG. 7. Ge↵/GN vs z

A. Interpretating the DESI evidence: cosmic slow
down of acceleration via f(T ) gravity with � < 0

Recently the Dark Energy Spectroscopic Instrument
(DESI) 2024 Data Release 1 (DR1) BAO observations
(with and without the addition of CMB [15] and type
Ia supernova observations [75–77] both separately and
jointly) have found more than 2� evidence for the dy-
namical dark energy considering the CPL model (most
commonly known as the w0waCDM model), reported in
the DESI Key cosmology paper [78].
On the other hand, in DESI paper by Calderon et

al. [79], they add an extensive class of model-agnostic
reconstructions with acceptable fits to the data, includ-
ing models where cosmic acceleration slows down at low
redshifts. Doing so, without making strong assumptions
about the underlying cosmological model, a more unbi-
ased examination/interpretation of the data provides to
identify or constrain possible cosmological models based
on empirical evidence alone. Dynamical dark energy evi-
dence has been studied through crossing statistics and the
results are di↵erent between crossing statistics applied to
equation of state and the (normalized) energy density of
dark energy (compare figures 1 and 3 in Calderon et al.
(2024) [54]).

In the literature, previously [80] allowing the wDE to
vary, they obtain a coasting model of the universe (q0 = 0)
fits the data about as well as ⇤CDM. This e↵ect corre-
sponds to an increase of ‘Om’ diagnostic Om(z) and q(z)
at redshifts z . 0.3 and suggests that cosmic acceleration
may have already peaked and that we are currently wit-
nessing its slowing down. As stated there [80] this e↵ect
we observe could correspond to DE decaying into dark
matter saying that a toy model which mimics this process
agrees well with the combined SN Ia+BAO+CMB data.
Now, in Fig. 5, we are showing that for � < 0 in

this f(T ) model in the presence of ⇤, the model is able
to predict cosmic acceleration which slows down at low
redhifts consistent with the results from [79].
Models with phantom crossing pose singularities di�-

culties in the perturbation equations [81] since crossing
requires additional degrees of freedom to ensure gravi-
tational stability. As we stated above, � < 0 case (sign
changing models) is di↵erent than � > 0 case (phantom
models). The � < 0 model families still give the theories
would have fT > 0, that is free of ghost degrees of free-
dom. Therefore it leads to non-trivial phenomenological
implications provided by f(T ) gravity.

Now we will show the relation between the two papers,
the one examining the dynamical dark energy consider-
ing the CPL model and models witnessing acceleration’s
slowing down writing (44) mimicking a parametrization
based on torsional contribution implicitly as

wde =
p⇤ + pT
⇢⇤ + ⇢T

=
p⇤
⇢⇤

+
pT⇢⇤ � p⇤⇢T
⇢⇤(⇢⇤ + ⇢T)

= w⇤


1� 1� wT/w⇤

1 + ⇢⇤/⇢T

� (45)

where we have used (39) and (42) in (45).
[NK: I think if we write explicit form using (39) and

(42) in terms of z mimicking CPL parametrization, we
can see that how negative � works.]

VI. INCLUSION OF LINEAR AND QUADRATIC
TERMS WITH NO EXTRA FREE PARAMETER

[ADF: Although it is a theoretical work, we should
worry about Ge↵/GN . Unless the cosmological value dif-
fers significantly from the value in the solar system, but we
should give/propose a mechanism for this to happen, the
theory provides Ge↵/GN |0 = 1/[fT (z = 0)] = e��/(1��).
This function has a minimum for � = 0 at which it be-
comes unity. This shows that this model would lead,
in general, to stronger gravity for � < 1. For � > 1,
Ge↵/GN < 0. Now if the cosmological value for Ge↵/GN ,
found in the subhorizon limit, matches the value we mea-
sure in the solar system, we have severe constraints on
the value of �, namely � ⇡ 0. Is there a way out of this
scenario? How should we change the model? A referee
might rule out this model only based on this theoretical
constraint.]
[ADF: What about modifying the model proposing

fnew = fold + ↵1 T + ↵2T 2/T0? Choosing ↵1 and ↵2 to
set fT (z = 0) = 1 and fTT (z = 0) = 0. For instance
↵1 = 1 + (�2 + � � 1)e� and ↵2 = ��2e�/2. We should
make sure that G/GN does not change too much in the
evolution of the universe. Say at most by 10% at BBN?]
[OA: I think this is an excellent idea! Moreover, in this
case there won’t be any extra free parameters compared
the standard LCDM model!]
[NMU: Due to the negativity (positivity) of the left-

hand side of Eq. (51) for ⌦m0 > 0 (⌦m0 < 0), we are


